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Preface

This book is a substantially enlarged version of the Cambridge Tract
with the same title published in 1974. There are two major changes.

e The main text has been thoroughly revised in order to clarify the
exposition, and to bring the notation into line with current practice.
In the course of revision it was a pleasant surprise to find that the
original text remained a fairly good introduction to the subject, both
in outline and in detail. For this reason I have resisted the temptation
to reorganise the material in order to make the book rather more like a
standard textbook.

e Many Additional Results are now included at the end of each
chapter. These replace the rather patchy selection in the old version.
and they are intended to cover most of the major advances in the last
twenty years. It is hoped that the combination of the revised text and
the additional results will render the book of service to a wide range of
readers.

I am grateful to all those people who have helped by commenting upon
the old version and the draft of the new one. Particular thanks are due
to Peter Rowlinson, Tony Gardiner. Ian Anderson, Robin Wilson, and
Graham Brightwell. On the practical side, I thank Alison Adcock, who
prepared a TEX version of the old book, and David Tranah of Cambridge
University Press, who has been constant in his support.

Norman Biggs March 1993
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Introduction to algebraic graph theory

About the book

This book is concerned with the use of algebraic techniques in the study
of graphs. The aim is to translate properties of graphs into algebraic
properties and then, using the results and methods of algebra, to deduce
theorems about graphs.

It is fortunate that the basic terminology of graph theory has now be-
come part of the vocabulary of most people who have a serious interest
in studying mathematics at this level. A few basic definitions are gath-
ered together at the end of this chapter for the sake of convenience and
standardization. Brief explanations of other graph-theoretical terms are
included as they are needed. A small number of concepts from matrix
theory, permutation-group theory, and other areas of mathematics, are
used, and these are also accompanied by a brief explanation.

The literature of algebraic graph theory itself has grown enormously
since 1974, when the original version of this book was published. Liter-
ally thousands of research papers have appeared, and the most relevant
ones are cited here, both in the main text and in the Additional Re-
sults at the end of each chapter. But no attempt has been made to
provide a complete bibliography. partly because there are now several
books dealing with aspects of this subject. In particular there are two
books which contain massive quantities of information, and on which it
is convenient to rely for ‘amplification and exemplification’ of the main
results discussed here.



2 Introduction to algebraic graph theory

These are:

Spectra of Graphs: D.M. Cvetkovi¢, M. Doob, and H. Sachs, Academic
Press (New York) 1980.

Distance-Regular Graphs: A.E. Brouwer, A.M. Cohen, and A. Neumaier,
Springer-Verlag (Berlin) 1289.

References to these two books are given in the form [CvDS, p. 777], and
[BCN, p. 888].

C.D. Godsil's recent book Algebraic Combinatorics (Chapman and
Hall, 1993) arrived too late to be quoted as reference. It is in many
ways complementary to this book, since it covers several of the same
topics from a different point of view. Finally, the long-awaited Handbook
of Combinatorics will contain authoritative accounts of many subjects
discussed in these pages.

Outline of the book

The book is in three parts, each divided into a number of short chap-
ters. The first part deals with the applications of linear algebra and
matrix theory to the study of graphs. We begin by introducing the ad-
jacency matrix of a graph; this matrix completely determines the graph,
and its spectral properties are shown to be related to properties of the
graph. For example, if a graph is regular, then the eigenvalues of its
adjacency matrix are bounded in absolute value by the degree of the
graph. In the case of a line graph, there is a strong lower bound for the
eigenvalues. Another matrix which completely describes a graph is the
incidence matrix of the graph. This matrix represents a linear mapping
which determines the homology of the graph. The problem of choosing
a basis for the homology of a graph is just that of finding a fundamental
system of cycles, and this problem is solved by using a spanning tree.
At the same time we study cuts in the graph. These ideas are then
applied to the systematic solution of network equations, a topic which
supplied the stimulus for the original theoretical development. We then
investigate formulae for the number of spanning trees in a graph, and
results which are derived from the expansion of determinants. These
expansions illuminate the relationship between a graph and the charac-
teristic polynomial of its adjacency matrix. The first part ends with a
discussion of how spectral techniques can be used in problems involving
partitions of the vertex-set, such as the vertex-colouring problem.

The second part of the book deals with the colouring problem from a
different point of view. The algebraic technique for counting the colour-
ings of a graph is founded on a polynomial known as the chromatic
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polynomial. We first discuss some simple ways of calculating this poly-
nomial, and show how these can be applied in several important cases.
Many important properties of the chromatic polynomial of a graph stem
from its connection with the family of subgraphs of the graph, and we
show how the chromatic polynomial can be expanded in terms of sub-
graphs. From the first (additive) expansion another (multiplicative)
expansion can be derived, and the latter depends upon a very restricted
class of subgraphs. This leads to efficient methods for approximating
the chromatic polynomials of large graphs. A completely different kind
of expansion relates the chromatic polynomial to the spanning trees of a
graph; this expansion has several remarkable features and leads to new
ways of looking at the colouring problems, and some new properties of
chromatic polynomials.

The third part of the book is concerned with symmetry and regularity
properties. A symmetry property of a graph is related to the existence
of automorphisms - that is, permutations of the vertices which pre-
serve adjacency. A regularity property is defined in purely numerical
terms. Consequently, symmetry properties induce regularity properties,
but the converse is not necessarily true. We first study the elementary
properties of automorphisms, and explain the connection between the
automorphisms of a graph and the eigenvalues of its adjacency matrix.
We then introduce a hierarchy of symmetry conditions which can be
imposed on a graph, and proceed to investigate their consequences. The
condition that all vertices be alike (under the action of the group of auto-
morphisms) turns out to be rather a weak one, but a slight strengthening
of it leads to highly non-trivial conclusions. In fact, under certain condi-
tions, there is an absolute bound to the level of symmetry which a graph
can possess. A strong symmetry property, called distance-transitivity.
and the consequent regularity property, called distance-regularity, are
then introduced. We return to the methods of linear algebra to derive
numerical constraints upon the existence of graphs with these properties.
Finally, these constraints are applied to the problem of finding minimal
regular graphs whose degree and girth are given.

Basic definitions and notation

Formally, a general graph I consists of three things: a set VT, a set ET,
and an incidence relation, that is, a subset of VI' x ET. An element
of VT is called a verter, an element of ET is called an edge, and the
incidence relation is required to be such that an edge is incident with
either one vertex (in which case it is a loop) or two vertices. If every
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edge is incident with two vertices, and no two edges are incident with
the same pair of vertices, then we say that I' is a strict graph or briefly,
a graph. In this case, ET' can be regarded as a subset of the set of
unordered pairs of vertices. We shall deal mainly with graphs (that is,
strict graphs), except in Part Two, where it is sometimes essential to
consider general graphs.

If v and w are vertices of a graph I', and e = {v,w} is an edge of T,
then we say that e joins v and w, and that v and w are the ends of e.
The number of edges of which v is an end is called the degree of v. A
subgraph of I' is constructed by taking a subset S of ET together with
all vertices incident in I' with some edge belonging to S. An induced
subgraph of T' is obtained by taking a subset U of VI' together with
all edges which are incident in I' only with vertices belonging to U. In
both cases the incidence relation in the subgraph is inherited from the
incidence relation in I'. We shall use the notation (S)r, (U)r for these
subgraphs, and usually, when the context is clear, the subscript I" will
be omitted.



PART ONE

Linear algebra in graph theory
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The spectrum of a graph

We begin by defining a matrix which will play an important role in many
parts of this book. Suppose that I' is a graph whose vertex-set VT is
the set {vy,vs,...,vn}, and consider ET as a set of unordered pairs of
elements of VI'. If {v,,v,} is in ET, then we say that v, and v, are
adjacent.

Definition 2.1 The adjacency matriz of T is the n x n matrix A =
A(T") whose entries a;, are given by

0. = 1, if v, and v, are adjacent;
*J 0, otherwise.

For the sake of definiteness we consider A as a matrix over the complex
field. Of course, it follows directly from the definition that A is a real
symmetric matrix, and that the trace of A is zero. Since the rows and
columns of A correspond to an arbitrary labelling of the vertices of
I, it is clear that we shall be interested primarily in those properties
of the adjacency matrix which are invariant under permutations of the
rows and columns. Foremost among such properties are the spectral
properties of A.

Suppose that A is an eigenvalue of A. Then, since A is real and sym-
metric, it follows that A is real, and the multiplicity of A as a root of
the equation det(AI — A) = 0 is equal to the dimension of the space of
eigenvectors corresponding to A.
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Definition 2.2 The spectrum of a graph I' is the set of numbers which
are eigenvalues of A(I'), together with their multiplicities. If the distinct
eigenvalues of A(I') are A\g > A\; > ... > As_1, and their multiplicities

are m(Ag), m(Ay),...,m(Ag_1), then we shall write
AO A] e As_l )
SpecT’ = :
be (m(/\o) m(A) .. m(Ae1)

For example, the complete graph K, is the graph with n vertices in
which each distinct pair are adjacent. Thus the graph K4 has adjacency
matrix

— - O

1 ]

0 1
A= 1 1
0

HO)—A,.—A

1 1

and an easy calculation shows that the spectrum of Ky is

Spec K4 = (? —,31>

We shall usually refer to the eigenvalues of A = A(T") as the eigenval-
ues of I'. Also, the characteristic polynomial det(A\I— A) will be referred
to as the characteristic polynomial of I', and denoted by x(I'; A). Let us
suppose that the characteristic polynomial of T is

PR AR P LTS Lt RS ot BTSN

In this form we know that —c; is the sum of the zeros, that is, the sum
of the eigenvalues. This is also the trace of A which, as we have already
noted, is zero. Thus ¢; = 0. More generally, it is proved in the theory
of matrices that all the coefficients can be expressed in terms of the
principal minors of A, where a principal minor is the determinant of a
submatrix obtained by taking a subset of the rows and the same subset
of the columns. This leads to the following simple result.

Proposition 2.3  The coefficients of the characteristic polynomial of
a graph T satisfy-

(1) ¢1 = 0;

(2) —co is the number of edges of I';

(3) —c3 is twice the number of triangles in T.
Proof For each i € {1,2,...,n}, the number (—1)%; is the sum of

those principal minors of A which have ¢ rows and columns. So we can

argue as follows.
(1) Since the diagonal elements of A are all zero, ¢; = 0.
(2) A principal minor with two rows and columns, and which has a
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non-zero entry, must be of the form

0 1

1 0
There is one such minor for each pair of adjacent vertices of I'. and each
has value —1. Hence (—1)2c, = —|ET|{, giving the result.

(3) There are essentially three possibilities for non-trivial principal
minors with three rows and columns:

0 1 0 0O 1 1 0

1 0 0}, 1 0 0}, 1

0 0 0 1 0 O 1

and, of these, the only non-zero one is the last (whose value is 2). This
principal minor corresponds to three mutually adjacent vertices in T,
and so we have the required description of c3. 0

1 1
0 1],
1 0

These simple results indicate that the characteristic polynomial of a
graph is an object of the kind we study in algebraic graph theory: it is
an algebraic construction which contains graphical information. Propo-
sition 2.3 is just a pointer, and we shall obtain a more comprehensive
result on the coefficients of the characteristic polynomial in Chapter 7.

Suppose A is the adjacency matrix of a graph I'' Then the set of
polynomials in A. with complex coefficients, forms an algebra under
the usual matrix operations. This algebra has finite dimension as a
complex vector space. Indeed, the Cayley-Hamilton theorem asserts
that A satisfies its own characteristic equation, so the dimension is at
most n, the number of vertices in T'.

Definition 2.4 The adjacency algebra of a graph I' is the algebra of
polynomials in the adjacency matrix A = A(I'). We shall denote the
adjacency algebra of T by A(T).

Since every element of the adjacency algebra is a linear combination
of powers of A, we can obtain results about A(T") from a study of these
powers. We define a walk of length ! in I', from v, to v,, to be a finite
sequence of vertices of I',

U, = Ug, Uy, ..., U = Uy,
such that u;_, and u, are adjacent for 1 <t < (.
Lemma 2.5 The number of walks of length | in I', from v, to v,, is
the entry in position (i,j) of the matriz A'.

Proof The result is true for I = 0 (since A® = 1) and for | = 1 (since
A'! = A is the adjacency matrix). Suppose that the result is true for
[ = L. The set of walks of length L + 1 from v, to v, is in bijective
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correspondence with the set of walks of length L from v; to vertices vp
adjacent to v,. Thus the number of such walks is

Yo (AN =D (AM)inan; = (AT,
h=1

{Uh,‘vj}GEr
It follows that the number of walks of length L + 1 joining v; to v; is
(AL*1),.. The general result follows by induction. O

A graph is said to be connected if each pair of vertices is joined by
a walk. The number of edges traversed in the shortest walk joining v;
and v, is called the distance in I between v, and v, and is denoted by
O(v,,vj). The maximum value of the distance function in a connected
graph I' is called the diameter of I'.

Proposition 2.6 Let I' be a connected graph with adjacency algebra
A(T) and diameter d. Then the dimension of A(T") is at least d + 1.

Proof Let z and y be vertices of I" such that d(z,y) = d, and suppose
that
T =wy,Wy,...,Wg =19

is a walk of length d. Then, for each i € {1,2,...,d}, there is at least one

walk of length ¢, but no shorter walk, joining wgy to w;. Consequently,

A’ has a non-zero entry in a position where the corresponding entries of

I,A A% ... A" ! are zero. It follows that A® is not linearly dependent

on {I,A,...,A*" '}, and that {I,A,..., A%} is a linearly independent

set in A(T"). Since this set has d+ 1 members, the proposition is proved.
O

There is a close connection between the adjacency algebra and the
spectrum of I'. If the adjacency matrix has s distinct eigenvalues then,
since it is a real symmetric matrix, its minimum polynomial (the monic
polynomial of least degree which annihilates it) has degree s. Conse-
quently the dimension of the adjacency algebra is equal to s. Thus we
have the following bourd for the number of distinct eigenvalues.

Corollary 2.7 A connected graph with diameter d has at least d + 1
distinct eigenvalues. O

One of the major topics of the last part of this book is the study of
a class of ‘highly regular’ connected graphs which have the minimum
number d + 1 of distinct eigenvalues. In the following chapters we shall
encounter several other examples of the link between structural regular-
ity and the spectrum.
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Notation The eigenvalues of a graph may be be listed in two ways: in
strictly decreasing order of the distinct values, as in Definition 2.2, or in
weakly decreasing order (with repeated values) A\g > A} > ... > A\, _;,
where n = |VI'|. We shall use either method, as appropriate.

Additional Results

2a A reduction formula for x  Suppose I' is a graph with a vertex
v, of degree 1, and let vy be the vertex adjacent to v;. Let I'y be
the induced subgraph obtained by removing v;, and I'y2 the induced
subgraph obtained by removing {v1,v2}. Then

x(T;A) = Ax(T1; ) = x(Ti2; A).
This formula can be used to calculate the characteristic polynomial of

any tree, because a tree always has a vertex of degree 1. A more general
reduction formula was found by Rowlinson (1987).

2b The characteristic polynomial of a path Let P, be the path graph
with vertex-set {vy,va,...,v,} and edges {vi,v;41} (1 <i<n-1). For
n > 3 we have

X(Pn; /\) = /\X(Pn—l;/\) - X(Pn-—Q;/\).

Hence x(Pn; A) = U, (A/2), where U, denotes the Chebyshev polynomial
of the second kind.

2¢c The spectrum of a bipartite graph A graph is bipartite if its vertex-
set can be partitioned into two parts V; and V;, such that each edge ha§
one vertex in Vi and one vertex in V5. If we order the vertices so that
those in V) come first, then the adjacency matrix of a bipartite graph

takes the form
0 B
)

If x is an eigenvector corresponding to the eigenvalue A, and x is obtained
from x by changing the signs of the entries corresponding to vertices in
V2, then X is an eigenvector corresponding to the eigenvalue —A. It
follows that the spectrum of a bipartite graph is symmetric with respect
to 0, a result originally obtained by Coulson and Rushbrooke (1940) in
the context of theoretical chemistry.

2d The derivative of x Fori = 1,2,...,n let I'; denote the induced
subgraph (VI'\ v;). Then

X'(T52) =) x(Tu; A).
t=1
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2e The eigenvalue 0 Suppose that a graph has two vertices v; and v
such that the set of vertices adjacent to v; is the same as the set of ver-
tices adjacent to v,. Then the vector x whose only non-zero components
are z, = 1 and z, = —1 is an eigenvector of the adjacency matrix, with
eigenvalue 0. If I' has a set of r vertices, all of which have the same set
of neighbours, then the multiplicity of 0 is at least 7 — 1. (An alternative
argument uses the observation that there are r equal columns of A, and
so its rank is at most n —r 4+ 1.)

2f Cospectral graphs Two non-isomorphic graphs are said to be cospec-
tral if they have the same eigenvalues with the same multiplicities. The
first example of this phenomenon was given by Collatz and Sinogowitz
(1957), and many examples are given in [CvDS, pp. 156-161]. Two con-
nected graphs with 6 vertices, both having the characteristic polynomial
A6 — 7A% —4X3 + 7% 44X — 1, are shown in Figure 1.

—P~ N

Figure 1: two cospectral graphs.

2g The walk-generating matriz  Let g,;(r) denote the number of walks
of length 7 in I" from v, to v,. If we write G(z) for the matrix

(G(z))u = Z g9.,(r) 2",
r=1

then G(z) = (I — zA)~!, where A is the adjacency matrix of I. This
may be regarded as a matrix over the ring of formal power series in z,
or as a real matrix defined whenever z ¢ SpecI". From the formula for

the inverse matrix and 2e, we obtain
X(Fl; Z_l)

G(Z)“ = m, tr G(Z) =

x'(T;z71)
zx([; 2-1)°

2h Closed walks and sums of powers of eigenvalues A closed walk is
one whose initial and final vertices coincide. By Lemma 2.5 the total
number of closed walks of length [ is equal to tr A!. Since the trace of a
matrix is the sum of its eigenvalues, an alternative expression is 3 Al
In particular, the sum of the eigenvalues is zero, the sum of the squares
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is twice the number of edges, and the sum of the cubes is six times the
number of triangles.

2i An upper bound for the largest eigenvalue  Suppose that the eigen-
values of I are A\y > A\; > ... > A,_1, where I' has n vertices and m
edges. From 2h we obtain ) A\, =0 and > A\? = 2m. It follows that

\ < (2m(n - 1))%.

n
Another bound of the same type is A\g < v2m — n + 1 (Yuan 1988).

2j The spectral decomposition (Godsil and Mohar 1988) The adjacency
matrix has a spectral decomposition A = > A,E,, where the matrices
E, are idempotent and mutually orthogonal. It is easy to check that,
given a set of mutually orthonormal eigenvectors x,, we can take

E, = x4x),, thatis (E,),; = (Xq):(Xa);.

It follows that if f is any function for which f(A) is defined, then f(A)
>~ f(Aa)E,. For example, the walk-generating matrix G(z) = (I-2zA)~
is defined whenever z ¢ Specl’, and it can be expressed in the form

—

n-—1
G(z) = Z(l — Xaz) 'E,.
a=0
This yields the following expression for the individual walk-generating
functions:
n—1
G(z),; = (1- )‘az)—l(xa)z(xa)r
a=0

2k The distance matrices For a graph with diameter d the distance
matrices Ap (0 < h < d) are defined as follows:
)1, i O(v,,vy) = hy
(An)y = {0, otherwise.
It follows that
Ag=1 A=A, A0+A1+A2+...+Ad:.],

where J is the matrix in which each entry is 1. The distance matrix
A, can be expressed as a polynomial of degree h in A, for each h in
{0,1,...,d}, if and only if the graph is distance-regular (see Chapter
20). For such a graph the adjacency algebra has the minimum possible
dimension d + 1.
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Regular graphs and line graphs

In this chapter we discuss graphs which possess some kinds of combi-
natorial regularity, and whose spectra, in consequence, have distinctive
features. A graph is said to be regular of degree & (or k-regular) if each of
its vertices has degree k. This is the most obvious kind of combinatorial
regularity, and it has interesting consequences for the eigenvalues.

Proposition 3.1  Let I' be a reqular graph of degree k. Then:

(1) k is an eigenvalue of T';

(2) if T is connected, then the multiplicity of k is 1;

(3) for any eigenvalue X of T', we have |)\| < k.

Proof (1) Let u=[1,1,...,1]% then if A is the adjacency matrix of
I' we have Au = ku, since there are k 1’s in each row. Thus & is an
eigenvalue of I'.

(2) Let x = [z1,x2,...,z,]" denote any non-zero vector for which
Ax = kx, and suppose that z, is an entry of x with the largest absolute
value. Since (Ax), = kx,, we have

¥z, = kz,
where ¥’ denotes summation over those k vertices v, which are adjacent
to v,. By the maximal property of z;, it follows that z, = «, for all
these vertices. If I' is connected we may proceed successively in this way,
eventually showing that all entries of x are equal. Thus x is a multiple
of u, and the space of eigenvectors associated with the eigenvalue k has

dimension 1.
(3) Suppose that Ay = Ay,y # 0, and let y, denote an entry of y
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which is largest in absolute value. By the same argument as in (2), we
have L'y, = Ay,, and so
l’\HyJI = !Z'yz! < Z,'yll < kly][-

Thus |A] < k. as required. 0

The adjacency algebra of a regular connected graph also has a distinc-
tive property, related to the results of Proposition 3.1. Let J denote the
matrix each of whose entries is +1. Then, if A is the adjacency matrix
of a regular graph of degree k, we have AJ = JA = kJ. This is the point
of departure for the following result.

Proposition 3.2 (Hoffman 1963) The matriz J belongs to the adya-
cency algebra A(T") if and only if I' is a regular connected graph.
Proof Suppose J is in A(T"). By the definition of A(I"), J is a polyno-
mial in A: consequently AJ = JA. Now. if k') denotes the degree of the
vertex v,, then (AJ),, = k(¥ and (AJ),, = k'7), so that all the degrees
are equal and I' is regular. Further. if I' were disconnected we could
find two vertices with no walks joining them, so that the corresponding
entry of Al would be zero for all [ > 0. Then every polynomial in A
would have a zero entry, contradicting the fact that J € A(I'). Thus T
is connected.

Conversely, suppose that I' is connected and regular of degree k. Then,
by part (1) of Proposition 3.1, k is an eigenvalue of I', and so the mini-
mum polynomial of A is of the form p(A) = (A —k)g()X). Since p(A) =0,
we obtain Ag(A) = kq(A); that is, each column of g(A) is an eigenvec-
tor of A corresponding to the eigenvalue k. By part (2) of Proposition
3.1. it follows that each column of g(A) is a multiple of u. and since q(A)

is a symmetric matrix, it is a multiple of J. Thus J is a polynomial in
A. O

Corollary 3.3 Let I' be a k-regular connected graph unth n vertices.
and let the distinct ewgenvalues of I’ be k > Ay > ... > A;_1. Then if
g(A) = [T(A = A,), where the product 1s over the range 1 <7 < s — 1, we

have
n
T= @‘@3 aA).

Proof It follows from the proof of Proposition 3.2 that q(A) = aJ.
for some constant o. Now the eigenvalues of ¢(A) are g(k) and g(\,) for
1 <i<s—1, and all of these except q(k) are zero. The only non-zero
eigenvalue of aJ is an, hence a = q(k)/n. .
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For some classes of regular graphs, such as the strongly regular graphs
(3c), it is possible to determine the polynomial function f for which
f(A) = J by direct means, based on Lemma 2.5. This provides a pow-
erful method for determining the spectra of these graphs. At a more
basic level, there is a special class of regular graphs whose spectra can
be found by means of a well-known technique in matrix theory. As
this class contains several important families of graphs, we shall briefly
review the relevant theory.

An n x n matrix S is said to be a circulant matriz if its entries satisfy
8, = S1,j—i+1, where the subscripts are reduced modulo n and lie in the
set {1,2,...,n}. In other words, row ¢ of S is obtained from the first
row of S by a cyclic shift of : — 1 steps, and so any circulant matrix is
determined by its first row. Let W denote the circulant matrix whose
first row is [0,1,0,...,0], and let S denote a general circulant matrix
whose first row is [sy,2,...,5,]. Then a straightforward calculation
shows that

n
S = Z s]-Wj_l.
j=1
2 n

Since the eigenvalues of W are 1,w,w”,...,w

it follows that the eigenvalues of S are
n

Ar = Zsjw(j_l)r, r=0,1,...,n—1.
i=1

~! where w = exp(27i/n),

Definition 3.4 A circulant graph is a graph I' whose vertices can be
ordered so that the adjacency matrix A(T') is a circulant matrix.

The adjacency matrix is a symmetric matrix with zero entries on the
main diagonal. It follows that, if the first row of the adjacency matrix
of a circulant graph is [aj,as,...,a,], then a; = 0 and a; = a,_;42 for
1=2,...,n.

Proposition 3.5  Suppose that [0,a2,...,a,] is the first row of the
adjacency matriz of a circulant graph I'. Then the eigenvalues of T are

n
A= awt T r=0,1,...,n- 1
=2
Proof This result follows directly from the expression for the eigen-
values of a circulant matrix. 0

We remark that the n eigenvalues given by the formula of Proposition
3.5 are not necessarily all distinct.
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We shall give three examples of this technique. First, the complete
graph K, is a circulant graph: the first row of its adjacency matrix is
[0,1,1,..., 1]. Since

14w 4+ ...+ V" =0 for re {1,2,...,n -1},

it follows from Proposition 3.5 that the spectrum of K, is:

n—1 -1
SpecKn_( ) n—l)'

Our second example is the cycle graph C,, whose adjacency matrix
is a circulant matrix with first row [0,1,0,...,0,1]. In the notation
of Proposition 3.5, the eigenvalues are A\, = 2cos(27r/n), but these
numbers are not all distinct; taking account of coincidences the complete
description of the spectrum is:

Spec (), = 2 2cos2n/n ... 2cos(n — 1)mw/n (n odd),
1 2 2
Spec C,, = <f 2 003227r/n . ZCos(nQ— 2)m/n —12> (n even).

A third family of circulant graphs are the graphs H, obtained by re-
moving s disjoint edges from Ka,. The graph H, is sometimes known as
a hyperoctahedral graph, because it is the skeleton of a hyperoctahedron
in s dimensions. It is also known as the cocktail-party graph CP(s), so
called because it is alleged that if there are s married couples at a cock-
tail party each person talks to everyone except their spouse. It is also
a special kind of complete multipartite graph, to be defined in Chapter
6. Clearly, the graph H, is a circulant graph; we may take the first row
of its adjacency matrix to be [a1,..., azs], where each entry is 1, except
that a; = as41 = 0. It follows that the eigenvalues of H, are

M=2s—2, A =-1-w" (1<r<2s-1),

where w?® = 1 and w # 1. Consequently,

2s—2 0 -2
SpecH5—< 1 < s—l)'

We now turn to another structural property which has implications for
the spectrum of a graph. The line graph L(T') of a graph I is constructed
by taking the edges of T as vertices of L(I'), and joining two vertices in
L(I") whenever the corresponding edges in I' have a common vertex.
The spectra of line graphs were investigated extensively by Hoffman
(1969) and others. Here we outline the basic results; more recent work
is described in the Additional Results at the end of the chapter.
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We shall continue to suppose that I" has n vertices, v, v2,...,v,. We
shall need to label the edges of I also; that is, ET' = {e;, e2,...,en}. For
the purposes of this chapter only we define an n x m matrix X = X(I')
as follows:

(X);, = { 1, if v; and e; are incident;
" 0, otherwise.

Lemma 3.6 Suppose that I' and X are as above. Let A denote the
adjacency matriz of I' and A the adjacency matriz of L(I'). Then:
(1) XX =A; + 21,.;
(2) if T is reqular of degree k, then XX' = A + kI,,.
The subscripts denote the sizes of the identity matrices.
Proof (1) We have

(X'X)y = > (X)u(X)y,
1=1
from which it follows that (X*X);, is the number of vertices v; of T
which are incident with both the edges e, and e,. The required result is
now a consequence of the definitions of L(I') and A .
(2) This part is proved by a similar counting argument. g

Proposition 3.7 If X is an eigenvalue of a line graph L(T'), then
A> -2,

Proof The matrix X!X is non-negative definite, since we have 2! X!Xz
= ||Xz||? > 0, for any vector z. Thus the eigenvalues of XX are non-
negative. But A; = X!X — 2I,,, so the eigenvalues of A; are not less
than —2. O

The condition that all eigenvalues of a graph be not less than —2
is a restrictive one, but it is not sufficient to characterize line graphs.
For example, the hyperoctahedral graphs H, satisfy this condition, but
these graphs are not line graphs. Seidel (1968, see 3g) gave examples
of regular graphs which have least eigenvalue —2 and are neither line
graphs nor hyperoctahedral graphs. Subsequently, a characterization of
all graphs with least eigenvalue —2 was obtained by Cameron, Goethals,
Seidel, and Shult (1976, see 3i).

When T is a regular graph of degree k, its line graph L(T') is regular
of degree 2k — 2. We can think of this as a connection between the
maximum eigenvalues of I' and L(I'), and in fact the connection extends
to all eigenvalues, by virtue of the following result.
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Theorem 3.8 (Sachs 1967) IfT is a regular graph of degree k with n
vertices and m = ink edges, then

X(L(T);A) = (A +2)" 7" x(I5 A + 2 = k).

Proof We shall use the notation and results of Lemma 3.6. Define
two partitioned matrices with n + m rows and columns as follows:

M, -X (1. X
U—[o Im}’ V‘[xt /\Im]'

Then we have

AL, — XX' 0 L, 0
UV‘[ Xt ,\Im]’ VU_[/\X‘ )\Im—X‘X]'

Since det(UV) = det(VU) we deduce that
A" det( M, — XX') = A*det(A]L,, — X*X).
Thus we may argue as follows:
X(L(D); A) = det(ALy — Ap)

= det((A + 2)I,, — X'X)

= (A +2)" "det((A + 2)I,, - XX

=A+2)" "det((A+2- k), — A)

=A+2)"""x(T: A+ 2= k).

It follows from Theorem 3.8 that, if the spectrum of T is

B O . VT VI
SpeC[ N (1 m, m3_1>’
then the spectrum of L(I") is
SpecL(F):<2k~2 E—2+X ... k=24 A -2 )
1 ma mg_1 m —n

For example, the line graph L(K,) is sometimes called the triangle
graph and denoted by A;. Its vertices correspond to the %t(t —1) pairs of
numbers from the set {1.2,...,t}, two vertices being adjacent whenever
the corresponding pairs have just one common member. From the known
spectrum of K;. and Theorem 3.8. we have

2 -4 t—4 -2
SP“A‘”( 1ot %t(t—:}))'
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Additional results

3a The complement of a reqular graph  Let I" be a graph with n vertices
and let I'° denote its complement, that is, tha graph with the same
vertex-set whose edge-set is complementary to that of I'. Let A€ denote
the adjacency matrix of I'°. Then A + A€ = J — 1. It was proved by
Sachs (1962) that if I' is connected and regular of degree k, then

AN+E+Dx(TSAN)=(=D"A=n+k+ Dx(T;=A-1).

3b The Petersen groaph  The complement of the line graph of Kj is
known as the Petersen graph. It occurs in many contexts throughout
graph theory. We shall denote it by the symbol Og3, as it is the case
k = 3 of the family {Ox} of odd graphs, to be defined later (8f). We

have
3 1 =2
Spec O3 = (1 54 ) .

In particular, the least eigenvalue is —2, although Oj is neither a line
graph nor a hyperoctahedral graph.

3c Strongly regular graphs A k-regular grapb is said to be strongly
regular, with parameters (k, a, ¢), if the following corditions hold. Each
pair of adjacent vertices has the same number a > 0 of common neigh-
bours, and each pair of non-adjacent vertices has the same number ¢ > 1
of common neighbours. It follows from Lemma 2.5 that the adjacency
matrix of such a graph satisfies

A2+ (c—a)A+ (c—k)I=cl
In other words, the polynomial function f whose existence is guaranteed
by Proposition 3.2 is f(z) = (1/c)(z? + (c — a)z + (c — k)).

3d The spectrum of a strongly regular graph  Since the eigenvalues of
the n x n matrix J are n (with multiplicity 1) and 0 (with multiplicity
n—1), it follows from 3c that the eigenvalues of a strongly regular graph
are k (with multiplicity 1) and the two roots A;, A2 of the quadratic
equation f(A) = 0 (with total multiplicity n — 1). The multiplicities
mj = m(A;) and my = m(A2) can be determined from the equations
mi+meo=n—1 k+miA +mgly =0,

the second of which follows from 2h. For example, the Petersen graph
(3b) is strongly regular with parameters (3,0,1), and this gives an al-
ternative method of determining its spectrum.

3e The Mobius ladders The Mobius ladder M), is a regular graph of
degree 3 with 2h vertices (h > 3). It is constructed from the cycle graph
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Con by adding new edges joining each pair of ‘opposite’ vertices, and so
it is a circulant graph. The eigenvalues are the numbers
Aj = 2cos(mj/h) +(=1)) (0<j<2h-1).

3f Graphs characterized by their spectra  Although there are many ex-
amples of cospectral graphs, there are also cases where there is a unique
graph with a given spectrum. We give two instances.

(a) The spectrum of the triangle graph A, = L(K}) is given above. If
I is a graph for which Spec’ = Spec A, and t # 8, then I' = A,. In
the case t = 8 there are three exceptional graphs, not isomorphic with
Ag, but having the same spectrum as Ag (Chang 1959, Hoffman 1960).

(b) The complete bipartite graph K, q is constructed by taking two
sets of a vertices and joining every vertex in the first set to every vertex
in the second. If I' is a graph for which SpecI’ = Spec L(K,,), and
a # 4, then I' = L(K,,). In the case a = 4 there is one exceptional
graph; this graph is depicted in Figure 2 (Shrikhande 1959).

Figure 2: Shrikhande’s exceptional graph.

3g Regular graphs with least eigenvalue —2  The following graphs hav-
ing least eigenvalue —2 were noted by Seidel (1968). They are neither
line graphs nor hyperoctahedral graphs:

(a) the Petersen graph;

(b) a 5-regular graph with 16 vertices;

(c) a 16-regular graph with 27 vertices (see p. 57);

(d) the exceptional graphs mentioned in 3f.

3h Generalized line graphs The cocktail party graph CP(s) is defined
on page 17. For any graph ' with vertices vy, v,,...,v,, and any non-
negative integers a;.as,...,a,. we construct the generalized line graph
L(T;a;,as...., an) as follows. The vertex-set is the union of the vertex-
sets of L(T'), CP(a;).CP(az),...,CP(axn), and the edge-set is the union
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of the edge-sets, together with edges joining all vertices of CP(a;) to
every vertex of L(I') corresponding to an edge of I' containing v;, for
1 < i < n. A generalized line graph constructed in this way has least
eigenvalue —2.

3i All graphs with least eigenvalue —~2 If I' is a graph with least eigen-
value not less than —2, then A + 2I is non-negative definite, and so
A + 21 = MM for some matrix M. By establishing a correspon-
dence between the rows of M and sets of vectors known as root systems,
Cameron, Goethals, Seidel, and Shult (1976) showed that all graphs
with least eigenvalue not less than —2 fall into three classes: (a) the line
graphs of bipartite graphs; (b) the generalized line graphs described in
3h; (c) a finite class of graphs arising from the root systems Fg, E7, Es.

3j Perfect codes in reqular graphs For any vertex v of a graph I' define
the e-neighbourhood of v to be Ng(v) = {u € VI | d(u,v) < e}. A
perfect e-code in T" is a set C C VT such that the e-neighbourhoods
N(c) with ¢ € C form a partition of VI'. Suppose that C is a perfect
1-code in a k-regular graph I'. Then the vector ¢ which takes the value
1 on vertices in C and 0 on other vertices satisfies Ac = u—c. It follows
that u — (k + 1)c is an eigenvector of I', with eigenvalue —1. Thus a
necessary condition for a regular graph to have a perfect 1-code is that
—1 is an eigenvalue. (See also 21j.)

3k Spectral bounds for the diameter Suppose that I' is connected and
k-regular, so that A\g = k and A\; < k. Alon and Milman (1985) proved
that the diameter d is bounded above by a function of n, k, and the
‘gap’ k — A1; specifically

2%k \?
< .
d_2[<k—/\1) logzn]

Mohar (1991) improved this to
2k — M\
< ——— | In(n - 1)].
‘=2 [(4(’“ - /\1)) n(n 1).,

Using the spectral decomposition of A" (see 2j), Chung (1989) obtained

a bound involving the second largest eigenvalue in absolute value A\, =
max(A1, ~An-1). She showed that if (k/A)" > n — 1 then (A7),; >0

for all ¢, j. It follows that
In(n — 1)
In(k/A) |
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Cycles and cuts

Let € denote the field of complex numbers, and let X be any finite set.
Then the set of all functions from X to € has the structure of a finite-
dimensional vector space; if f: X —» € and g : X — C, then the vector
space operations are defined by the rules

(f + 9)(z) = f(z) + 9(z), (af)(z) =af(z) (r€X,acl)
The dimension of this vector space is equal to the number of members

of X.

Definition 4.1 The vertez-space Co(T') of a graph is the vector space
of all functions from VT to €. The edge-space C,(I') of T is the vector
space of all functions from ET to C.

Taking VI = {v1,v2,...,va} and ET = {e1,e2,...,em}, it follows
that Co(T') is a vector space of dimension n and C;(T") is a vector space
of dimension m. Any function n : VI — @ can be represented by a
column vector

y = [y1, 92, - - > ¥al%,

where y, = n(v,) (1 <1 < n). This representation corresponds to choos-
ing as a basis for Co(I') the set of functions {wy,wa,...,wn}, defined
by

1, ifi=7;
wi(v.]) = {0 J

otherwise.

In a similar way, we may choose the basis {e1,€2,...,€m} for Cy(T)
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defined by

1, ifi=j;
cile;) = {0, other\x]/ise;
and hence represent a function £ : ET — € by a column vector x =
[€1,Z2,...,Zm]" such that z, = £(e,) (1 < i < m). We shall refer to
the bases {wy,ws,...,wn} and {e1,€9,...,€,} as the standard bases for
Co(T) and Cy(T).

We now introduce a useful device. For each edge e, = {v,,v,} of T,
we shall choose one of v,, v, to be the positive end of e,, and the other
one to be the negative end. We refer to this procedure by saying that T’
has been given an orientation. Although this device is employed in the

proofs of several results, the results themselves are independent of it.

Definition 4.2 The incidence matriz D of I', with respect to a given
orientation of I', is the n x m matrix (d,;) whose entries are
+1, if v, is the positive end of e,;
dij = { —1, if v, is the negative end of e,;
0, otherwise.
The rows of the incidence matrix correspond to the vertices of I', and
its columns correspond to the edges of I'; each column contains just two
non-zero entries, +1 and —1, representing the positive and negative ends
of the corresponding edge.
We remark that D is the representation, with respect to the standard
bases, of a linear mapping from C;(I') to Cy(I"). This mapping will be
called the incidence mapping, and be denoted by D. For each ¢ : ET' — C

the function D¢ : VT — C is defined by
Dg(vt) = Zdzjf(ej) (1 <1< T‘L).
1=1

For the rest of this chapter we shall let ¢ denote the number of con-
nected components of .

Proposition 4.3  The incidence matriz D of I' has rank n — c.

Proof The incidence matrix can be written in the partitioned form

DL o ... 0
o D® .. o
o 0 .. DO

by a suitable labelling of the vertices and edges of I', where the matrix
D® (1 <1 < ¢) is the incidence matrix of a component ' of . We
shall show that the rank of D) is n, — 1, where n, = [VT')|, from which
the required result follows by addition.
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Let d, denote the row of D®) corresponding to the vertex v, of re,
GSince there is just one +1 and just one —1 in each column of D) it
follows that the sum of the rows of D) is the zero row vector, and that
the rank of D) is at most n, — 1. Suppose we have a linear relation
S o,d; =0, where the summation is over all rows of D) and not all
the coefficients a; are zero. Choose a row d; for which ay # 0; this
row has non-zero entries in those columns corresponding to the edges
incident with vg. For each such columnn, there is just one other row d;
with a non-zero entry in that column, and in order that the given linear
relation should hold, we must have a; = ai. Thus, if o # 0, then
a; = «f for all vertices vy adjacent to v,. Since '™ is connected. it
follows that all coefficients a, are equal, and so the given linear relation
is just a multiple of >~ d; = 0. Consequently, the rank of D™ is n; — 1.

o - _ M
600 isST Ol 26, 2w s Ror o

pa—

The following definition applies to a general graph I with n vertices,
edges, and ¢ components, although for the time being we shall continue
to deal with strict graphs, rather than general graphs.

Definition 4.4 The rank of I' and the co-rank of I' are, respectively,
rMy=n-¢; s(’)=m-n+ec

We now investigate the kernel of the incidence mapping D, and its
relationship with graph-theoretical properties of I'. Let @ be a set of
edges such that the subgraph (Q) is a cycle graph. We say that Q is a
cycle in T'; the two possible cyclic orderings of the vertices of (Q) induce
two possible cycle-orientations of the edges Q). Let us choose one of these
cycle-orientations, and define a function £g in C,(I") as follows. We put
€o(e) = +1 if e belongs to @ and its cycle-orientation coincides with its
orientation in I', g (e) = -1 if e belongs to @ and its cycle-orientation is
the reverse of its orientation in I', while if e is not in Q we put £g(e) = 0.

Theorem 4.5 The kernel of the incidence mapping D of I is a vector
space whose dimension is equal to the co-rank of . If Q is a cycle in T,
then £g belongs to the kernel of D.

Proof Since the rank of D is n — ¢, and the dimension of C\(T") is m,
it follows that the kernel of D has dimension m —n + ¢ = s(I'). With
respect to the standard bases for C(I') and Cy(T'), we may take D to be
the incidence matrix, and g to be represented by a column vector x¢.
Now (Dxg), is the inner product of the row d, of D and the vector x¢.
If v, is not incident with some edges of @, then this inner product is 0;
if v; is incident with some edges of ), then it is incident with precisely
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two edges, and the choice of signs in the definition of {g implies that the
inner product is again 0. Thus Dxg = 0, and {g belongs to the kernel
of D. O

If p and o are two elements of the edge-space of I' (that is, functions

from ET to €C), then we may define their inner product
(p,o) =Y ple)ale),
ecET

where the overline indicates the complex conjugate. When p and o are
represented by coordinate vectors, with respect to the standard basis
of Cy(T), this inner product corresponds to the usual inner product
of vectors in the complex vector space €C™. (In practice we use only
functions with real values, so the conjugation is irrelevant.)

Definition 4.6 The cycle-subspace of T is the kernel of the incidence
mapping of I'. The cut-subspace of I' is the orthogonal complement of
the cycle-subspace in C;(I'), with respect to the inner product defined
above.

The first part of this definition is justified by the result of Theorem 4.5,
which says that vectors representing cycles belong to the cycle-subspace:
indeed, in the next chapter we shall show how to construct a basis for the
cycle-subspace consisting entirely of cycles. We now proceed to justify
the second part of the definition.

Let VT = V3 UV; be a partition of VT into non-empty disjoint subsets.
If the set H of edges of I which have one vertex in V; and one vertex in
V5 is non-empty, then we say that H is a cut in I'. We may choose one of
the two possible cut-orientations for H, by specifying that one of V;, V5
contains the positive ends of all edges in H, while the other contains
the negative ends. We now define a function £y in C(I') by putting
Er(e) = +1 if e belongs to H and its cut-orientation coincides with its
orientation in T', £y (e) = —1 if e belongs to H and its cut-orientation is
the reverse of its orientation in I', and £y (e) = 0 if e is not in H.

Proposition 4.7 The cut-subspace of T' is a vector space whose di-
mension is equal to the rank of I'. If H is a cut in I', then &y belongs
to the cut-subspace.

Proof Since the dimension of the cycle-subspace is m — n + ¢, its
orthogonal complement, the cut-subspace, has dimension n — ¢ = r(I').

If H is acut in I', we have VI = V; UV,, where V; and V5 are disjoint
and non-empty, and H consists precisely of those edges which have one
vertex in Vi and one vertex in V5. Thus, if xy is the column vector
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representing g, we have

= 1 [Z -3 d,},
v, EWVy v, €V,
where d, is the row of the incidence matrix corresponding to v,. The
sign on the right-hand side of this equation depends only on which of
the two possible cut-orientations has been chosen for H. Now if Dz = 0,
then d;z = 0 for each v, € V, and we deduce that x%;z = 0. In other
words, &g belongs to the orthogonal complement of the cycle-subspace,
and, by definition, this is the cut-subspace. 0

The proof of Proposition 4.7 indicates one way of choosing a basis
{€1,€2,...,&—c} for the cut-subspace of I'. The set of edges incident
with a vertex v; of I' forms a cut whose representative vector is d;.
If, for each component I'¥ (1 < i < ¢) of ', we delete one row of D
corresponding to a vertex in '), then the remaining n — ¢ rows are
linearly independent. Furthermore, the transpose of any vector xpg,
representing a cut H, can be expressed as a linear combination of these
n — ¢ rows, by using the equation displayed in the proof of Proposition
4.7 and the fact that the sum of rows corresponding to each component
is 0.

This basis has the desirable property that each member represents an
actual cut, rather than a ‘linear combination’ of cuts. It is, however,
rather clumsy to work with, and in the next chapter we shall investigate
a more elegant procedure which has the added advantage that it provides
a basis for the cycle-subspace as well.

We end this chapter by proving a simple relationship between the
Laplacian matric Q = DD' and the adjacency matrix of I,

Proposition 4.8 Let D be the incidence matriz (with respect to some
orientation) of a graph I', and let A be the adjacency matrix of I'. Then
the Laplacian matriz Q satisifies

Q=DD'=A-A,
where A is the diagonal matriz whose ith diagonal entry is the degree

of the vertez v; (1 < 1 < n). Consequently, Q is independent of the
ortentation given to I'.

Proof (DDY),, is the inner product of the rows d, and d, of D. If
¢ # j, then these rows have a non-zero entry in the same column if and
only if there is an edge joining v; and v,. In this case, the two non-zero
entries are +1 and —1, so that (DD"),, = —1. Similarly, (DD"),, is the
inner product of d, with itself, and, since the number of entries +1 in
d, is equal to the degree of v,, the result follows. O
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Additional Results

4a The coboundary mapping The linear mapping from Cy(I') to C (')
defined (with respect to the standard bases) by x — D!x is sometimes
called the coboundary mapping for I'. The kernel of the coboundary map-
ping is a vector space of dimension c, and the image of the coboundary
mapping is the cut-subspace of IT'.

4b The isoperimetric number For any set X C VT the cut defined by
the partition of VI' into X and its complement is denoted by 6 X. The
isoperimetric number of I' is defined to be
. 16X
(')=min ——.
0= B2 | X

For exarnple, it is easy to check that i(K,) = [n/2], i(0O3) = 1.

4c Small cycles The girth of a graph is the number g of edges in a
smallest cycle. For example, g(K,) =3 (n > 3), 9(Kq..) = 4 (a > 2),
and ¢(0O3) = 5. If " has girth ¢ > 2r 4+ 1 then for each pair of vertices
v and w such that 0(v,w) = ¢ < r there is a unique walk of length ¢
from v to w. In the k-regular case this leads to the following relations
between the adjacency matrix and the distance matrices A, (2 < g <)
defined in 2k:

A2:A2—'k1, AQZAAq_l —"(k“‘l)Aq_Q (35q£7‘)
It follows that a distance matrix A, with ¢ < r is expressible as a
polynomial in A. Explicitly, A, = f,(A), where

fO(-T): 1, fl(JI):I, f2($)=$2—k,
fo(@) =zfe-1(z) — (k= 1) fy_2(x) (g23).

4d Girth and excess It is an elementary exercise (see Chapter 23)
to show that the number of vertices in a k-regular graph with girth
g =2r + 1 is at least
no(k,g) =1+k+k(k=1)+k(k—1%+... +k(k—-1)".

The Petersen graph O3 achieves the lower bound ng for the case k = 3
and g = 5, but in the general case graphs which achieve the lower bound
are rare (Chapter 23). For any k-regular graph I’ with girth g we define
the ercess to be the amount e by which the lower bound is exceeded,
that is, e = n — ng(k, g), where n is the number of vertices in I'. Using
the equations given in 4c, Biggs (1980) established a lower bound for e
in terms of the eigenvalues of I'. Define the polynomials g; by

gi(x) = fo(z) + fi(z) + ... + fo(z),
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where the polynomials f, are defined above. Then for any k-regular
graph with girth g = 2r + 1 the excess e satisfies

e >lg. (M), (M€ Specl, X #k).

de The Laplacian spectrum Let po < p1 < ... < p,_, be the eigen-
values of the Laplacian matrix Q. Then:

(a) no = 0, with eigenvector [1,1,...,1];

(b) if I is connected, p; > 0;

(c) if T is regular of degree k, then pu, = k — A,, where the ), are
the (ordinary) eigenvalues of I', in weakly decreasing order.

Af Planar graphs and duality A planar graph is one which can be
drawn in the plane in the usual way, without extraneous crossings of the
edges. The dual of a graph so drawn is the graph whose vertices are
the resulting regions of the plane, two being adjacent when they have a
common edge. Let I' be a connected planar graph, and I'* a dual of I'.
If I' is given an orientation and D is the incidence matrix of ', then I'*
can be given an orientation so that its incidence matrix D* satisfies:

(a) rank (D) + rank (D*) = |ET;

(b) D*D! = 0.

4g The image of the incidence mapping Let w be an element of Cy(I'),
where I is a connected graph. Then w is in the image of D if and only

if
Z w(v) =0.

veEVT
A more sophisticated way of expressing this result is as follows. Let
S : Co(T') — € denote the linear map defined by S(w) = 3 w(v); this is
known as the augmentation map. Then the sequence of linear maps

Cil) 2 Co(r) = € — 0

is eract. In particular, this means that the iinage of D is equal to the
kernel of S.

4h Flows An element ¢ of the cycle-subspace of I is called a flowon I'.
The support of ¢, written S(¢), is the set of edges e for which ¢(e) # 0;
a subset S of ET is a minimal support if S = S(¢) for some flow ¢, and
the only flow whose support is properly contained in S is the zero flow.
We have the following basic facts.

(a) The set of flows with a given minimal support (together with
the zero flow) forms a one-dimensional space.
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(b) A minimal support is a cycle.
(c) If ¢ is a flow whose support is minimal, then |¢(e)| is constant
(

on S(¢).

4i Integral flows The flow ¢ is integral if each ¢(e) is an integer; it is
primitive if S(¢) is minimal and each ¢(e) is 0,1 or —1. We say that the
flow 8 conforms to the flow x if S(8) C S(x) and 8(e)x(e) > 0 for e in
S(6). Tutte (1956) showed that:

(a) for a given integral flow ¢ there is a primitive flow which con-
forms to ¢;

(b) any integral flow ¢ is the sum of integer multiples of primitive
flows, each of which conforms to ¢.

4j Modular flows Suppose the entries 0,1, —1 of D are taken to be
elements of the ring Z,, = Z/uZ of residue classes of integers modulo u.
A flow mod v on I is a vector x with components in Z,, for which Dx
= 0, where 0 is the zero vector over Z,,. The results in 4i imply that, if
x is a given flow mod w, then there is an integral flow y, each of whose
components y; satisfies y; € x; and —u < y; < u. Consequently, if I' has
a flow mod wu, then it has a flow mod (u + 1) (Tutte 1956).

4k The 5-flow conjecture A nowhere-zero f-flow ¢ on I is a flow mod
f for which S(¢) = ET". Tutte (1954) conjectured that every graph with
no isthmus has a nowhere-zero 5-flow. (An isthmus is a cut consisting
of a single edge.) The following results are known.

(a) Every planar graph with no isthmus has a nowhere-zero 4-flow.

(b) The Petersen graph does not have a nowhere-zero 4-flow.

(c) Every graph with no isthmus has a nowhere-zero 6-flow (Sey-
mour 1981).
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Spanning trees and associated structures

The problem of finding bases for the cycle-subspace and the cut-subspace
is of great practical and theoretical importance. It was originally solved
by Kirchhoff (1847) in his studies of electrical networks, and we shall
give a brief exposition of that topic at the end of the chapter.

We shall restrict our attention to connected graphs, because the cycle-
subspace and the cut-subspace of a disconnected graph are the direct
sums of the corresponding spaces for the components. Throughout this
chapter, I' will denote a connected graph with n vertices and m edges,
so that 7(I') = n— 1 and s(I') = m — n 4+ 1. We shall also assume that
I’ has been given an orientation.

A spanning tree in I is a subgraph which has n — 1 edges and contains
no cycles. It follows that a spanning tree is connected. We shall use the
symbol T to denote both the spanning tree itself and its edge-set. The
following simple lemma is a direct consequence of the definition.

Lemma 5.1 Let T be a spanning tree in a connected graph I'. Then:
(1) for each edge g of I' which is not in T there is a unique cycle in I’
containing g and edges in T only.
(2) for each edge h of I' which is in T, there is a unique cut in I’
containing h and edges not in T only. O

We write cyc(T, g) and cut(T,h) for the unique cycle and cut whose
existence is guaranteed by Lemma 5.1. We give cyc(7, g) and cut(T, h)
the cycle-orientation and cut-orientation which coincide, on g and h
respectively, with the orientation in I'' Then we have elements &t )
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and &(r,x) of the edge-space C'1(I'); these elements are defined (in terms
of the given cycle and cut) as in Chapter 4.

Theorem 5.2  With the same hypothesis as in Lemma 5.1, we have:
(1) as g runs through the set ET' — T, the m —n + 1 elements {4
form a basis for the cycle-subspace of T'.
(2) as h runs through the set T, the n — 1 elements {1 x) form a basis
for the cut-subspace of [

Proof (1) Since the elements {1 4) correspond to cycles, it follows
from Theorem 4.5 that they belong to the cycle-subspace. They form
a linearly independent set, because a given edge g in ET' — T belongs
to cyc(T, g) but to no other cyc(T,g’) for ¢’ # g. Finally, since there
are m — n + 1 of these elements, and this is the dimension of the cycle-
subspace, it follows that we have a basis.

(2) This is proved by arguments analogous to thcse used in the proof
of the first part. O

We shall now put the foregoing ideas into a form which will show
explicitly how cycles and cuts can be derived from the incidence matrix,
by means of simple matrix operations. To do this, we shall require some
properties of submatrices of the incidence matrix.

Proposition 5.3 (Poincaré 1901)  Any square submatriz of the inci-
dence matriz D of a graph I' has determinant equal to 0 or +1 or —1.

Proof Let S denote a square submatrix of D. If every column of S
has two non-zero entries, then these entries must be +1 and —1 and so,
since each column has sum zero, S is singular and detS = 0. Also, if
every column of S has no non-zero entries, then detS = 0.

The remaining case occurs when a column of S has precisely one non-
zero entry. In this case we can expand detS in terms of this column,
obtaining detS = +detS’, where S’ has one row and column fewer
than S. Continuing this process. we eventually arrive at either a zero
determinant or a single entry of D, and so the result is proved. O

Proposition 5.4  Let U be a subset of ET" with |{U| =n — 1. Let Dy
denote an (n— 1) x (n —1) submatriz of D, consisting of the intersection
of those n — 1 columns of D corresponding to the edges in U and any set
of n — 1 rows of D. Then Dy 1is invertible if and only if the subgraph
(U) is a spanning tree of .

Proof Suppose that (U) is a spanning tree of I". Then the submatrix
Dy consists of n — 1 rows of the incidence matrix D’ of U. Since (U) is
connected, the rank of D’ is n — 1, and so Dy is invertible.
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Conversely, suppose that Dy is invertible. Then the incidence matrix
D’ of (U) has an invertible (n — 1) x (n — 1) submatrix, and consequently
the rank of D’ is (n — 1). Since |U| = n — 1, this means that the cycle-
subspace of (U) has dimension zero, and so (U) is a spanning tree of

. O
Suppose that VI' = {vi.v2,...,v,} and ET = {ey,€3,...,e,}, where
the labelling has been chosen so that e;,ez,...,e,_; are the edges of a
given spanning tree T" of I'. The incidence matrix of I is then partitioned
as follows:
| Dr Dy
o= |y, ™

where Dt is an (n-- 1) x (n — 1) square matrix, invertible by Proposition
5.4, and the last row d,, is linearly dependent on the other rows.

Let C denote the matrix whose columns are the vectors representing
the elements 1. ) (n < j < m) with respect to the standard basis of
C1(T). Then C can be written in the partitioned form

Cr
C= :
[Im——n—{—l ]

Since every column of C represents a cycle, and consequently belongs to
the kernel of D, we have DC = 0. Thus

Cr = —D,;lDN.

In a similar fashion, the matrix K whose coluinns represent the elements
£T.e,) (1 £j <n—1) can be written in the form

K = [Iﬁ;l} .
Since each column of K belongs to the orthogonal complement of the
cycle-subspace, we have CK' = 0; that is, Cr + K% = 0. Thus
Kr = (D7'Dy)".
Our equations for Ct and Kt show how the basic cycles and cuts asso-

ciated with T can be deduced from the incidence matrix. We also have
an algebraic proof of the following proposition.

Proposition 5.5 Let T be a spanning tree of I' and let a and b be
edges of I such that a € T,b ¢ T. Then

b€ cut(T,a) & a € cyc(T,b).

Proof This result follows immediately from the definitions of Cr and
K1, and the fact that Cr + KL = 0. 0
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We end this chapter with a brief exposition of the solution of network
equations; this application provided the stimulus for Kirchhoff’s devel-
opment of the foregoing theory in the middle of the nineteenth century.

An electrical network is a connected graph I' (with an arbitrary ori-
entation) which has certain physical characteristics, specified by two
vectors in the edge-space of I'. These vectors are the current vector w
and the wvoltage vector z. These vectors are related by a linear equa-
tion z = Mw 4+ n, where M is a diagonal matrix whose entries are the
conductances of the edges, and n represents externally applied voltages.
Further, w and z satisfy the equations

Dw=0, C'z=0,

which are known as Kirchhoff’s laws. If we choose a spanning tree T in
I', and partition D and C as before, then the same partition on w and

fzr) =[]
WN zN
Now, from Dw = 0 we have Dyrwr + Dywy = 0, and since Cr =

—D}IDN it follows that

wr = Crwy and w = Cwy.

z gives

In other words, all the entries of the current vector are determined by the
entries corresponding to edges not in T. Substituting in z = Mw + n,
and premultiplying by C!, we obtain

(CtMC)WN = -—Ctn.
Since C*MC is a square matrix with size and rank both equal to m—n+1
it is invertible.

So this equation determines wy, and consequently both w (from
w = Cwy) and z (from z = Mw + n) in turn. Thus we have a system-
atic method of solving network equations, which distinguishes clearly
between the essential unknowns and the redundant ones.

Additional Results

5a Total unimodularity A matrix s said to be totally unimodular if ev-
ery square submatrix of it has determinant 0, 1, or —1; thus Proposition
5.3 states that D is totally unimodular. A generalisation of this result
was proved by Heller and Tompkins (1956). They showed that if M is
a matrix with elements 0, 1, or —1 such that every column contains at
most two non-zero elements, then M is totally unimodular if and only
if its rows can be partitioned into two disjoint parts satisfying:
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(i) if a column has two non-zero elements with the same sign, then
their rows are in different parts;

(ii) if a column has two non-zero elements with opposite signs, then

their rows are in the same part.

5b Integral solutions of LP problems Hoffman and Kruskal (1956)
proved the following result. If M is a totally unimodular matrix and
b is an integral vector then, for each objective function c, the linear
programming problem (LP)

maximise c'x subjectto Mx < b

has an optimal solution which is integral, provided that there is a finite
solution.

Several optimization problems on graphs have LP formulations in
which M is the incidence matrix, or a modified form of it. Among
them are the maximum How problem and the shortest path problem,
the details of which are given in the standard text of Grotschel, Lovasz
and Schrijver (1988). Hoffman and Kruskal’s theorem leads to ‘integral-
ity’ results, such as the fact that if the capacities are integral then there
is a maximum flow which is also integral.

5c The unoriented incidence matriz  As in Chapter 3, let X denote
the matrix obtained from the incidence matrix D of I' by replacing each
entry =1 by +1. It follows from the result of Heller and Tompkins
quoted in 5a that T is bipartite if and only if X is totally unimodular.
This was first observed by Egervary (1931).

5d The image of D again  With the notation of 4g, if w is integer-valued
and S(w) = 0 then there is an integer-valued € such that D(£) = w.

5e The inverse of D Let T be a spanning tree for I' and let Dr
denote the corresponding (n — 1) x (n — 1) matrix. Then (D}l)ij =+1
if the edge e, occurs in the unique path in T joining v; to v,. Otherwise
(Dh,, =0.

5f The Laplacian formulation of network equations For simplicity, con-
sider the case of a network in which each edge has conductance 1. Then
the network equations are

z=w+n, Dw=0, Ciz=0.

The last equation says that z is orthogonal to the cycle-subspace and
so, by Definition 4.6, it belongs to the cut-subspace. It follows from 4a
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that z = D'¢ for some potential ¢ in the vertex-space. Using the other
two equations-we obtain

DD!¢ = Dn; thatis, Q¢ =,

where Q is the Laplacian matrix and 7 is a vector in which 7, is the
current flowing into the network at the vertex v. In particular, defining

-1, ifv=y;
0, otherwise;

+1, ifv=uz
T’ =
we see that the solution of the network equations when a current [
enters at z and leaves at y is given by finding the potential satisfying

Qs = In.

5g Eristence and uniqueness of the solutton; Thomson’s principle Sim-
ple proofs of the results in the following paragraphs may be be found in
a paper by Thomassen (1990). If z and y are vertices of a finite graph
then there is a unique solution ¢ to the network equations for the case
when a positive real-valued current I enters at x and leaves at y. The
current vector z = D'¢ is the vector satisfying Dz = In®¥ for which the
power ||z]|? is a minimum. (This is known as Thomson's principle.)

5h An explicit solution for the network equations Suppose that z and
y are adjacent vertices of a connected graph I', and let x denote the
total number of spanning trees of I'. (See Chapter 6 for more about x.)
For each spanning tree T of I" send a current I/x along the unique path
in T from z to y. Then the current vector z which solves the network
equations for a current [ entering at x and leaving at y is the sum of these
currents taken over all T'. This result goes back to Kirchhoff (1847). For
historical details and an algebraic proof, see Nerode and Shank (1961).

51 The effective resistance For any two vertices x and y let ¢ be the
potential satisfying Q¢ = In®¥. Following Ohm'’s law, the effective
resistance from z to y is defined to be (¢ — ¢,)/I. If = and y are
adjacent vertices this is equal to k., /k, where Kz, is the number of
spanning trees which contain the edge {z, y}.

For example, it can be shown (see p. 39) that the number of spanning
trees of the complete graph K, is n™~2; since each one contains n — 1
of the n(n — 1)/2 edges, there are 2n™~3 spanning trees containing a
given edge. It follows that the effective resistance across an edge of K,
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is 2/n. In general, if a graph has n vertices and m edges, and it is edge-
transitive (see Chapter 15), then the effective resistance across an edge

is (n — 1)/m.

" Bj Monotonicity results Let R(z,y,T") denote the effective resistance
of T from z to y. If [’ is obtained from ' by removing an edge (the
cutting operation), then

R(z,y,T’) > R(z,y,T).
The inequality is reversed if [ is obtained from I' by ider}ifying two
vertices (the shorting operation). These results are known as Rayleigh’s

monotonicity law.
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The tree-number

Several famous results in algebraic graph theory, including one of the
oldest, are formulae for the numbers of spanning trees of certain graphs.
Many formulae of this kind were given in the monograph written by
Moon (1970). We shall show how such results can be derived from the
Laplacian matrix Q introduced in Chapter 4.

Definition 6.1 The number of spanning trees of a graph I' is its
tree-number, denoted by x(T").

Of course, if I' is disconnected, then x(I') = 0. For the connected
case, Theorem 6.3 below is a version of a formula for £(I') which has
been discovered many times. We need a preparatory lemma concerning
the matrix of cofactors (adjugate) of Q.

Lemma 6.2 Let D be the incidence matriz of a graph I', and let

Q = DD?* be the Laplacian matriz. Then the adjugate of Q is a multiple

of J.

Proof Let n be the number of vertices of I'. If I is disconnected, then
rank (Q) = rank (D) <n -1,

and so every cofactor of Q is zero. That is, adj Q = 0 = 0J.
If ' is connected, then the ranks of D and Q are n — 1. Since

Q adj Q = (det Q)I =0,
it follows that each column of adj Q belongs to the kernel of Q. But this
kernel is a one-dimensional space, spanned by u = [1,1,...,1]*. Thus,
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each column of adj Q is a multiple of u. Since Q is symmetric, so is adj
Q, and all the multipliers must be equal. Hence, adj Q is a multiple of
J. O

Theorem 6.3  Fvery cofactor of Q is equal to the tree-number of T,
that 1s,
ad)] Q = x(I")J.
Proof By Lemma 6.2, it is sufficient to show that one cofactor of Q is
equal to x(I'). Let Dy denote the matrix obtained from D by removing
the last row; then det DyD} is a cofactor of Q. This determinant can
be expanded by the Binet-Cauchy theorem (see Theory of Matrices by
P. Lancaster (Academic Press) 1969, p. 38). The expansion is
det(DoDj) = Y det(Dy)det(D}),
[Ul=n-1

where Dy denotes the square submatrix of Dy whose n — 1 columns
correspond to the edges in a subset U of ET. Now, by Proposition 5.4,
det Dy, is non-zero if and only if the subgraph (U) is a spanning tree for
', and then det Dy, takes the values 1. Since det D}, = det Dy, we
have det(DoD}) = ('), and the result follows. O

For the complete graph K, we have Q = nI—J. A simple determinant
manipulation on nI — J with one row and column removed shows that
k(K,) = n"~2. This result was first obtained, for small values of n, by
Cayley (1889).

We can dispense with the rather arbitrary procedure of removing one
row and column from Q, by means of the following result.

Proposition 6.4 (Temperley 1964)  The tree-number of a graph I'
with n vertices is given by the formula

k(I") = n~%det (J + Q).
Proof Since nJ = J? and JQ = 0 we have the following equation:
nI—-NIJ+Q)=nJ+nQ-J2-JQ =nQ.
Thus, taking adjugates and using Theorem 6.3, we can argue as follows,
where k = k(I'):
adj (J + Q)adj (rnI — J) = adj nQ,
adj (J + Q)n""2J =n""'adj Q,
adj (J + Q)J = n«kd,
(J+Q)adj (J+Q)J =T+ Q)nkd,
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det (J + Q)J = n?kJ.
It follows that det(J + Q) = n?k, as required. O

The next result uses the Laplacian spectrumn introduced in 4e.

Corollary 6.5 Let0 < p; <...< pn-1 be the Laplacian spectrum of
a graph T' with n vertices. Then
o(T) = k2 fnt

n
If T is connected and k-regular, and its spectrum is
(kA oo Aso
Spec I' = (1 my ... mse_q /)’
then

s—1
f(0) = (k= A)™ =" X (T k),
r=1

where X' denotes the derivative of the characteristic polynomial x.

Proof Since Q and J commute, the eigenvalues of J + Q are the
sums of corresponding eigenvalues of J and Q. The eigenvalues of J are
n,0,0,...,0, so the eigenvalues of J+Q are n, 1, 2, ..., tn—1. Since the
determinant is the product of the eigenvalues, the first formula follows.

In the case of a regular graph of degree k, an (ordinary) eigenvalue
A is k — p, where p is a Laplacian eigenvalue. The result follows by
collecting the eigenvalues according to their multiplicities, and recalling
that k£ — ) is a simple factor of x in the connected case. O

Later in this book, when we have developed techniques for calculating
the spectra of highly regular graphs, we shall be able to use this Corollary
to write down the tree-numbers of many well-known families of graphs.
For the moment, we shall consider applications of Corollary 6.5 in some
simple, but important, cases. If I' is a regular graph of degree k, then
the characteristic polynomial of its line graph L(I") is known in terms
of that of I' (Theorem 3.8). If I' has n vertices and m edges, so that
2m = nk, then we have

r(L(T)) = m™'x(L(T); 2k - 2),
k() =n~1x'(T; k).
Differentiating the result of Theorem 3.8 and putting A = 2k — 2, we get
X' (L(T); 2k — 2) = (2k)™ 77X/ (I'; k).
Hence we obtain the tree-number of I' in terms of that of L(I'):
k(L(T)) = 2m~"H1Em=n (1),
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For example, the tree-number of the triangle graph A; = L(K,) is
K(A) = 2%(t2-—3t+2)(t . 1)%(t2—3z—2)t:—2_

The complete multipartite graph K, q,. . .. has a vertex-set which is
partitioned into s parts Ay, Az, ..., As, where A, | = a, (1 <1< s); two
vertices are joined by an edge if and only if they belong to different parts.
In general this graph is not regular, but its complement (as defined in
3a) consists of regular connected components. The tree-number of such
graphs can be found by a modification of Proposition 6.4, due to Moon
(1967). This is based on the properties of the characteristic function of

the Laplacian matrix:
o (L) = det(ul - Q).

Proposition 6.6 (1) If ' is disconnected, then the o function for T
is the product of the o functions for the components of I.

(2) If T" 15 a k-reqular graph, then o(I'; i) = (=1)"x(I'; k — p), where
x is the characteristic polynomial of the adjacency matrir.

(3) If T'“ is the complement of I', and I' has n vertices, then

k() =n"20(;n).

Proof (1) This follows directly from the definition of o.

(2) In the k-regular case, we have

det(pI — Q) = det(pl — (kI — A)) = (—1)" det((k — )T — A),
whence the result.

(3) Let Q€ denote the Laplacian matrix for I'¢, so that Q+Q°¢ = nI-J.
Then using Proposition 6.4, we have

k(T) = n™%det(J + Q) = n~2det(nl — Q°) = n"26(I'¢; n).
O

Consider the complete multipartite graph Ky, 4, ..., Wwhere a; +
a2 + ... + as = n, the complement of which consists of s compo-
nents isomorphic with K, , Kq,...., Kq.,. We know that x(K,;\) =
A+ 1) YA —=n+ 1), and, using part (2) of Proposition 6.6, we obtain

o(Kaip) = (-1)"\(Kaja =1 —p) = p(u — a)*™".
Consequently, applying parts (1) and (3) of Proposition 6.6.

K(Ka, ay...a,) =7 2 (n)(n—a)® .. (n)(n-a,)*!

s——2( as—ll

=n n—a)* ... (n-a,)

This result was originally found (by different means) by Austin (1960).
We note the special cases:

K’(Ka,b) — ab—lba—I’ K(Hs) — 223—283—1(5 _ 1)5.
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Additional Results

6a A bound for the tree-number of a reqular graph If T is a connected
k-regular graph with n vertices, then applying the arithmetic-geometric
mean inequality to the product formula in Corollary 6.5 we obtain

o) < 2 (2 )

n\n—1

with equality if and only if I' = K,,.

6b More bounds for the tree-number  Grimmett (1976) showed that
the bound in 6a can be extended to non-regular graphs. The result for
any graph with m edges is

k() < 1 ( 2m )n_l.

n\n—1
This is clearly a generalisation of result 6a, since 2m = nk in the k-
regular case. Grone and Merris (1988) showed that if 7(T") is the product
of the vertex-degrees then

0= (25) (57),

with equality if and only if I = K,.

6c A recursion for the tree-number For any (general) graph I', and any
edge e which is not a loop, we define the graph I'(®) to be the subgraph
obtained by removing e, and I'(.) to be the graph obtained from e by
identifying the vertices of e. Note that even if I' itself is a graph (rather
than a general graph) this process may produce a general graph. We
have :

k(L) = k(1)) + £(T (o).

6d Tree-number of a Mobius ladder The tree-number of the Mobius
ladder M; defined in 3e may be computed in two ways. Using the
spectral formula 6.5 we obtain
p 2ht | i

K(Mp) = — (3—(—1)1 —2cos-;l-—).
Jj=1
An alternative is to use 6c to obtain a recursion formula. Sedlacek
(1970) used this method to obtain

K(Ma) = (24 V3 + (2~ V) +h

The recursive method was discussed in greater generality by Biggs,
Damerell and Sands (1972); see 9i.
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6e Almost-complete graphs Let I' be a graph constructed by removing
q disjoint edges from K, where n > 2q. Then

k() =n""2 (1 — %)q

In particular, taking n = 2¢, we have the formula for the tree-number
of H,.

6f Tree-numbers of planar duals Let I' and I'* be dual planar graphs
(as defined in 4f) and let D and D* be the corresponding incidence
matrices. Suppose that I' has n vertices, I'* has n* vertices, and |ET| =
|[ET*| = m; then (n —1) + (n* — 1) = m. If Dy is a square submatrix of
D, whose n — 1 columns correspond to the edges of a subset U of ET,
and U* denotes the complementary subset of FI'* = ET, then Dy is
non-singular if and only if Dy, is non-singular. Consequently,

k(T) = ~(T*).

6g The octahedron and the cube 'The octahedron graph is H3 = Ko 2 o;
it is planar and the cube graph Q)3 is its dual. We have

4 0 -2 3 1 -1 -3
SpecH3:<1 3 2), Specng(1 3 3 1).

Hence k(H3) = k(Q3) = 384, in agreement with 6e.

6h The o function of the complement From the equation Q + Q¢ =
nl — J, we obtain

pl—-Q° =[(n—p) ' I -T(n-pI-Q

Taking determinants we have

(n—p)o(T%pu) = (-1)""'po(T;n — p).

6i Spectral characterization of complete multipartite graphs The com-
plete multipartite graphs defined on page 41 are the only connected
graphs for which the second largest eigenvalue A; is not positive (Smith
1970).
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Determinant expansions

In this chapter we shall investigate the characteristic polynomial y, and
the polynomial ¢ introduced in Chapter 6, by means of determinant ex-
pansions. We begin by considering the determinant of the adjacency ma-
trix A of a graph I'. We suppose, as before, that VI' = {vy,va,.. S Un}
and that the rows and columns of A are labelled to conform with this
notation. The expansion which is useful here is the usual definition of a
determinant: if A = (a,,), then

det A = Z sgn(m)ay 109 12 . .  Qnorn,

where the summation is over all permutations 7 of the set {1,2,...,n}.
In order to express the quantities which appear in the above expansion
in graph-theoretical terms, it is helpful to introduce a new definition.

Definition 7.1  An elementary graph is a simple graph, each compo-
nent of which is regular and has degree 1 or 2. In other words, each
component is a single edge (K2) or a cycle (C,). A spanning elementary
subgraph of I' is an elementary subgraph which contains all vertices of
.

We observe that the co-rank of an elementary graph is just the number
of its components which are cycles

Proposition 7.2 (Harary 1962) Let A be the adjacency matriz of a
graph I'. Then

det A =) (—1)"Maa(h)
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where the summation is over all spanning elementary subgraphs A of I

Proof Consider a term sgn(m)ay 102,72 ..an »n in the expansion of
det A. This term vanishes if, for some i € {1,2,...,n}, a; », = 0; that
is, if {vi,vr} is not an edge of I'. In particular, the term vanishes if 7
fixes any symbol. Thus, if the term corresponding to a permutation 7 is
non-zero, then 7 can be expressed uniquely as the composition of disjoint
cycles of length at least two. Each cycle (ij) of length two corresponds
to the factors a;jaj,, and signifies a single edge {v;,v;} in I'. Each
cycle (pgr...t) of length greater than two corresponds to the factors
ApqQqr - - - Atp, and signifies a cycle {vp,vq,. .., v} in I'. Consequently,
each non-vanishing term in the determinant expansion gives rise to an
elementary subgraph A of I', with VA = VT

The sign of a permutation 7 is (—1)™¢, where N, is the number of
even cycles in w. If there are ¢; cycles of length !, then the equation
Ylc; = n shows that the number N, of odd cycles is congruent to =n
modulo 2. Hence,

r(A) =n— (N, + N.) = N, (mod 2),
so the sign of 7 is equal to (—1)"(A),

Each elementary subgraph A with n vertices gives rise to several per-
mutations 7 for which the corresponding term in the determinant ex-
pansion does not vanish. The number of such 7 arising from a given A is
25(A) since for each cycle-component in A there are two ways of choosing
the corresponding cycle in 7. Thus each A contributes (—1)7(*)25(A) to
the determinant, and we have the result. 0

For example, in the complete graph K, there are just two kinds of ele-
mentary subgraph with four vertices: pairs of disjoint edges (for which
r = 2 and s = 0) and 4-cycles (for which » = 3 and s = 1. There are
three subgraphs of each kind so we have

det A(Ky4) = 3(-1)%2° +3(-1)%2! = —3.

At the beginning of this book we obtained a description of the first
few coefficients of the characteristic polynomial of I', in terms of some
small subgraphs of I (Proposition 2.3). We shall now extend that result
to all the coefficients. We shall suppose, as before, that

XDy = A"+ A" L e ™2 4+ 4e,.

Proposition 7.3  The coeffictents of the characteristic polynomial are
given by

(=1)'e =) (=1)"V2e,
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where the summation is over all elementary subgraphs A of I' with 1
vertices.

Proof The number (—1)%c, is the sum of all principal minors of A
with 7 rows and columns. Each such minor is the determinant of the
adjacency matrix of an induced subgraph of I' with ¢ vertices. Any
elementary subgraph with ¢ vertices is contained in precisely one of these
induced subgraphs, and so, by applying Proposition 7.2 to each minor,
we obtain the required result. O

The only elementary graphs with fewer than four vertices are: K3 (an
edge), and C3 (a triangle). Thus, we can immediately regain the results
of Proposition 2.3 from the general formula of Proposition 7.3. We
can also use Proposition 7.3 to derive explicit expressions for the other
coefficients, for example, c4. Since the only elementary graphs with four
vertices are the cycle graph C4 and the graph having two disjoint edges,
it follows that

C4 == na - an,

where n, is the number of pairs of disjoint edges in I', and n; is the
number of 4-cycles in I'. (See 7i.)

As well as giving explicit expressions for the coefficients of the charac-
teristic polynomial, Proposition 7.3 throws some light on the problem of
cospectral graphs (2f). The fact that elementary subgraphs are rather
loosely related to the structure of a graph helps to explain why there are
many pairs of non-isomorphic graphs having the same spectrum. This
is particularly so in the case of trees (see 7b and 7c).

We now turn to an expansion of the characteristic function of the

Laplacian matrix
o(L5p) = det(ul — Q).

Although the Laplacian matrix Q differs from — A only in its diagonal
entries, the ideas involved in this expansion are quite different from those
which we have used to investigate the characteristic polynomial of A.
One reason for this is that a principal submatrix of Q is (in general) not
the Laplacian matrix of an induced subgraph of I' (the diagonal entries
give the degrees in I', rather than in the subgraph).

We shall write

o(T;p) =det(pl — Q) =p™ + qp™ "' + ...+ gno14 + gn.

The coefficient (—1)*q, is the sum of the principal minors of Q which
have i rows and columns. Using results from Chapter 6 and some simple
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observations we obtain
q1 = _2|EF|» Gn-1 = (—1)71_1TU€(F), gn = 0.

We shall find a general expression for g; which subsumes these results.
The method is based on the expansion of a principal minor of Q = DD*
by means of the Binet-Cauchy theorem, as in the proof of Theorem 6.3.

Let X be a non-empty subset of the vertex-set of I', and Y a non-empty
subset of the edge-set of I'. We denote by D(X,Y) the submatrix of the
incidence matrix D of ' defined by the rows corresponding to vertices in
X and the columns corresponding to edges in Y. The following lemma
amplifies the results of Propositions 5.3 and 5.4.

Lemma 7.4 Let X and Y be as above, with | X| = |Y|, and let Vj
denote the vertex-set of the subgraph (Y'). Then D(X,Y) s invertible if
and only if the following conditions are satisfied:

(1) X is a subset of Vy;

(2) {(Y) contains no cycles:

(3) Vo \ X contains precisely one vertexr from each component of (V).

Proof Suppose that D(X,Y) is invertible. If X were not a subset
of Vy, then D(X,Y) would contain a row of zeros and would not be
invertible; hence condition (1) holds. The matrix D(V;,Y) is the inci-
dence matrix of (Y), and if (Y') contains a cycle then D(Vy,Y)z = 0 for
the vector z representing this cycle. Consequently D(X,Y)z = 0 and
D(X,Y) is not invertible. Thus condition (2) holds. It follows that the
co-rank of (Y) is zero; that is,
Y| = [Vo| +c=0,

where ¢ is the number of components of (Y). Since | X| = |Y| we have
|[Vo\ X | = c. If X contained all the vertices from some component of (1),
then the corresponding rows of D(X, }Y") would sum to 0, and D(X,Y)
would not be invertible. Thus Vp \ X contains some vertices from each
component of (Y}, and since |Vp \ X| = ¢, it must contain precisely one
vertex from each component, and condition (3) is verified.

The converse is proved by reversing the argument. 0

A graph ® whose co-rank is zero is a forest; it is the union of compo-
nents each of which is a tree. We shall use the symbol p(®) to denote the
product of the numbers of vertices in the components of ®. In particular,
if ® is connected it is a tree, and we have p(®) = [V |.

Theorem 7.5  The coefficients q, of the polynomial o(T'; u) are given
by the formula

(-1)'q. =Y p(®) (1<i<n)
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where the summation is over all sub-forests ® of I' which have i edges.

Proof Let Qx denote the principal submatrix of Q whose rows and
columns correspond to the vertices in a subset X of VI". Then ¢q; =
Y det Qx, where the summation is over all X with |X| = ¢. Using the
notation of Lemma 7.4 and the fact that Q = DD, it follows from the

Binet—Cauchy theorem that
det Qx = ) detD(X,Y)detD(X,Y)! = Y (det D(X,Y))%
This summation is over all subsets Y of ET with |Y| = |X| = i. Thus,
g =) (detD(X,Y))2
XY
By Proposition 5.3, (det D(X,Y))? is either 0 or 1, and it takes the
value 1 if and only if the three conditions of Lemma 7.4 hold. For each
forest ® = (Y) there are p(®) ways of omitting one vertex from each
component of ®, and consequently there are p(®) summands equal to 1
in the expression for ¢,. This is the result.

Corollary 7.6  The tree-number of a graph I is given by the formula

K(T) = "2 3 p(@)(—n) 1P,

where the summation is over all forests ® which are subgraphs of the
complement of T.

Proof The result of Proposition 6.6, part (3), expresses «(I') in terms
of the o function of I'°. The stated result follows from the formula of
Theorem 7.5 for the coefficients of o. O

This formula can be useful when the complement of I' is relatively
small; exampies of this situation are given in 6e and 7d. In the case of a
regular graph I', the relationship between o and x leads to an interesting
consequence of Theorem 7.5.

Proposition 7.7  Let T be a reqular graph of degree k, and let x(¥) (0 <
i < n) denote the iith derivative of the characteristic polynomial of T.
Then
xW(Tik) =141y p(®),

where the summation is over all forests ® which are subgraphs of I' with
|[E®| =n — 1.
Proof From part (2) of Proposition 6.6, we have

o(Tsp) = (=1)" " 'x(T; k - p).
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The Taylor expansion of x at the value k can be written in the form

(T k —p) Zx(’)Fk(”).
=0

Comparing this with o(T; p) = > gn—iptt, we have the result. O

We notice that the case ¢ = 1 of Proposition 7.7 gives
X' (T k) = (=1)" " gn—1 = n&(D),
which is just the formula given in Corollary 6.5.

Additional Results

7a Odd cycles (Sachs 1964) Let x(I'; A) = 3. cn—iA* and suppose
c3=c¢s=...=Cr-1 =0, cCor41 #0.

Then the shortest odd cycle in T' has length 2r + 1, and there are
—car4+1/2 such cycles.

7b The characteristic polynomial of a tree  Suppose that > ¢, A"~ % is
the characteristic polynomial of a tree with n vertices. Then the odd
coefficients co,41 are zero, and the even coefficients ¢y, are given by the
rule that (—1)"cy, is the number of ways of choosing r disjoint edges in
the tree.

Tc Cospectral trees  The result 7Tb facilitates the construction of pairs
of cospectral trees. For example, there are two different trees with eight
vertices and characteristic polynomial A8 — 7A® 4+ 10A*. Schwenk (1973)
proved that if we select a tree T" with n vertices, all such trees being
equally likely, then the probability that T belongs to a cospectral pair
tends to 1 as n tends to infinity.

7d The o function of a star graph A star graph is a complete bipartite
graph K. For such a graph we can calculate o explicitly from the
formula of Theorem 7.5: the result is

o(Kipp) = p(p—b6—1)(pu—1)"""
Consequently if [' is the graph obtained by removing a star K, from
K, , where n > b + 1, we have

k() = nm? (1 - %)M (1 - li%—l) .
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7e Complete matchings, Hamiltonian cycles, and the determinant for-
mula We may write the formula for det A as
det A = Z f(r,s)(—=1)72%,

where f(r, s) is the number of spanning elementary subgraphs with rank
r and co-rank s. Two terms in this formula have special significance.
The number f(n/2,0) is the number of disjoint edges which cover all
the vertices — the complete matchings. The number f(n — 1,1) is the
number of spanning elementary subgraphs which are connected, that is,
the number of single cycles which cover all the vertices — the Hamiltonian
cycles.

7f Reconstruction - Kelly’s lemma  For each vertex v € VT let I,
denote the induced subgraph (VT \ v). The deck of I" is the set of
(unlabelled) induced subgraphs {I', | v € VI'}. The graph is said to be
reconstructible if every graph with the same deck as I' is isomorphic to
I'. The reconstruction conjecture is that every graph with at least three
vertices is reconstructible.

A function defined on graphs is said to be reconstructible if it takes
the same value on all graphs with the same deck. For any graphs I' and
A, let n(I", A) be the number of subgraphs of I' which are isomorphic to
A. Standard double counting arguments lead to the formula

n(l,A) = (Ty, A).

|VT| - IVA{ Z

From this formula it follows that n(F,A) is reconstructible whenever
[VA| < |VT] (Kelly 1957).

7g Reconstruction - Kocay'’s Lemma A sequence of graphs

F = ((I)l,(bg,...,q)[)
is said to be a cover of the graph I' if there are subgraphs A; of I' such
that A; is isomorphic to ®; {1 < i <) and the union of the subgraphs
is ' The number of covers of I' by F is denoted by c¢(T', ). Kocay
(1981) proved that, provided all the members of the sequence F have
fewer vertices than I', the function

> (T, X)ce(X, F)

X

is reconstructible, where the sum is taken over all isomorphism classes

of graphs X such that |VX| = |VT|.
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wh The reconstructibility of the characteristic polynomial Using the
lemmas of Kelly and Kocay, and the formula in Proposition 7.3, it can
be shown that the coefficients ¢, of the characteristic polynomial are
reconstructible. In particular (—1)"c,, = det A is reconstructible. These
results were first, established by Tutte (1979) using a different method.
His proof, and that using Kocay’s lemma (as given by Bondy (1991))
both depend on showing that the number of Hamiltonian cycles, denoted
by f(n—1,1) in Te, is reconstructible.

7i Angles and the number of 4-cycles 'The number of 3-cycles in a graph
is determined by the spectrum (see 2h), but the number of 4-cycles is
not, except in special cases, such as when the graph is regular. However,
the number of 4-cycles is determined by the spectrum and the angles,
which are defined as follows. Let > A,E, be the spectral decomposition
of the adjacency matrix A. as defined in 2j, and let e}, eq, ..., e, be the
standard orthonormal basis for Euclidean n-space. Then the angles are
the numbers

a,; =E,e, (1<14,7<n).

More about this construction, and an explicit formula for the number of
4-cycles, can be found in a paper by Cvetkovié¢ and Rowlinson (1988).

7j The Shannon capacity of a graph  Let T'A denote the product of
graphs I and A obtained by taking the vertex-set to be Cartesian prod-
uct of their vertex-sets, and defining two distinct vertices to be adjacent
if both coordinates are equal or adjacent. Let I'" denote the product
of r copies of I', and let a(I'") denote the maximum number of mutu-
ally non-adjacent vertices of I'". A construction in coding theory due to
Shannon involves the quantity

o) = lim (a(I"))'7,

and this is known as the Shannon capacity of I'. Since a(I')" < ("), it
follows that o(T') < ©(I'), but in general equality does not hold. Lovdsz
(1979) showed that ©(T") is bounded above by the largest eigenvalue of
any real symmetric matrix C for which ¢,; = 1 whenever v, and v, are
not adjacent. In particular, this yields the result ©(Cs) = /5.
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Vertex-partitions and the spectrum

One of the oldest problems in graph theory is the vertex-colouring prob-
lem, which involves the assignment of colours to the vertices in such
a way that adjacent vertices have different colours. This can be inter-
preted as a problem about a special kind of partition of the vertex-set,
as described in the first definition below. In this chapter we shall apply
spectral techniques to the vertex-colouring problem, using inequalities
involving the eigenvalues of a graph. Similar techniques can also be ap-
plied to other problems about vertex-partitions, and some of these are
mentioned in the Additional Results at the end of the chapter.

Definition 8.1 A colour-partition of a general graph I' is a partition
of VT into subsets, called colour-classes,

VF:VIUVQU...U‘/[,

such that each V; (1 < i < [) contains no pair of adjacent vertices. In
other words, the induced subgraphs (V;) have no edges. The chromatic
number of I', written v(I"), is the least natural number ! for which such
a partition is possible.

We define a vertez-colouring of I' to be an assignment of colours to the
vertices, with the property that adjacent vertices have different colours,
so clearly, a vertex-colouring in which [ colours are used gives rise to a
colour-partition with | colour-classes.

We note that if I' has a loop, then it has a self-adjacent vertex, and
consequently no colour-partitions. Also, if I" has several edges joining
the same pair of vertices then only one of these edges is relevant to
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the definition of a colour-partition, since the definition depends only on
whether vertices are adjacent or not. Thus we can continue, for the
moment, to deal with strict graphs. However, this is allowable only for
the purposes of the present chapter; some of the constructions used in
Part Two require the introduction of general graphs.

If v(I') = 1, then I' has no edges. If v(I') = 2 then I' is a bipartite
graph, as defined in 2c. Since a cycle of odd length cannot be coloured
with two colours, it follows that a bipartite graph contains no odd cycles.
This observation leads to another proof of the result established in 2c.

Proposition 8.2  Suppose the bipartite graph I' has an eigenvalue A
of multiplicity m(X). Then — X is also an eigenvalue of I', and m(—-X) =
m(A).

Proof The formula of Proposition 7.3 expresses the characteristic
polynomial of a graph I' in terms of the elementary subgraphs of I'.
If ' is bipartite then I' has no odd cycles, and consequently no ele-
mentary subgraphs with an odd number of vertices. It follows that the
characteristic polynomial of ' has the form

x(Tiz) = 2" + oz 2 +eg2™ V4 = 20(2?),
where 6 = 0 or 1, and p is a polynomial function. Thus the eigenvalues,
which are the zeros of x, have the required property. O

The spectrum of the complete bipartite graph K, ; can be found in
the following manner. We may suppose that the vertices of K, ;, are
labelled in such a way that its adjacency matrix is

0 J
A= oo

where J is the a x b matrix having all entries +1. The matrix A has
just two linearly independent rows, and so its rank is 2. Consequently,
0 is an eigenvalue of A with multiplicity a + b — 2. The characteristic
polynomial is thus of the form z9+°~2(22? 4 ¢;). By Proposition 2.3, —c,
is equal the number of edges of K, 4, that is, ab. Hence

. { V(ab) 0 —+/(ab)
Sm“hm“‘< 1 a+b-2 1 )'

This example illustrates the fact (Proposition 8.2) that the spectrum
of a bipartite graph is symmetrical with respect to the origin. Indeed,
the converse of this result is also true [CvDS, p. 87]. But if v(T") > 2
the spectrum of I does not have a distinctive property, as it does in
the bipartite case. However, as we shall see, it is possible to make
useful deductions about the chromatic number from a knowledge of the
maximum and minimum eigenvalues of T.
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For any real symmetric matrix M, we shall denote the maximum and
minimum eigenvalues of M by Apnax(M) and Apin(M). If M is the
adjacency matrix of a graph I" we shall also use the notation Apax(I)
and Aqin(T"). It follows from Proposition 8.2 that, for a bipartite graph
', we have Apin(I) = —Amax(D).

We need a useful technique from matrix theory. Let (x, y) denote the
inner product of the column vectors x, y. For any real n x n symmetric
matrix X, and any real non-zero n x 1 column vector z, the number
(z,Xz)/(z,2) is known as the Rayleigh quotient, and written R(X;z).
In matrix theory it is proved that

Amax(X) > R(X;2) > Anin(X) for all z#0,

a result which has important applications in spectral graph theory.

Proposition 8.3 (1) If A is an induced subgraph of I, then
/\max(A) < /\max(F); /\min(A) 2 )\min(r)-

(2) If the greatest and least degrees among the vertices of ' are kmax(T")
and knin(T), and the average degree s kaye(I'), then

kmax(r) _>_ /\max(r) 2 kave(r) Z kmin([‘)v

Proof (1) We may suppose that the vertices of I" are labelled so
that the adjacency matrix A of I" has a leading principal submatrix
Ag, which is the adjacency matrix of A. Let 2¢ be chosen such that
Aozg = Amax(Ao)zo and (zg,2z0) = 1. Further, let z be the column
vector with |VT'| rows formed by adjoining zero entries to zg. Then

/\max(AO) = R(AO; Zo) - R(A, Z) < /\max(A)-

That is, Amax(A) < Amax(T'). The other inequality is proved similarly.
(2) Let u be the column vector each of whose entries is +1. Then, if
n = |VT| and k() is the degree of the vertex v;, we have

1 1 .
R(Aju) = — > ai = - 3" kD = kaye(T).
1,7 1

The Rayleigh quotient R(A; u) is at most Apax(A), that is Apax(I), and
it is clear that the average degree is not less than the minimum degree.
Hence

/\max(r) 2 kave(r) > kmin(r)-

Finally, let x be an eigenvector corresponding to the eigenvalue Ay =
Amax(I'), and let z; be a largest positive entry of x. By an argument
similar to that used in Proposition 3.1, we have

Aozj = (Aox); = E'zi < kU2 < kmax(D)z;,



Vertez-partitions and the spectrum 55

where the sum ¥’ is taken over the vertices v; adjacent to v;. Thus
Ao < kmax(T)- O

We shall now bound the chromatic number of T" in terms of Apax(T)
and Amin(I'). A graph I' is l-critical if v(I') = [, and for all induced
subgraphs A # I" we have v(A) < L

Lemma 8.4 Suppose I is a graph with chromatic number | > 2. Then
[ has an l-critical induced subgraph A, and every vertex of A has degree
at least | — 1 in A.

Proof The set of all induced subgraphs of I' is non-empty and contains
some graphs (for example, I' itself) whose chromatic number is !, and
also some graphs (for example, those with one vertex) whose chromatic
number is not [. Let A be an induced subgraph whose chromatic number
is [, and which is minimal with respect to the number of vertices; then
clearly A is l-critical. If v is any vertex of A, then (V A\ v) is an induced
subgraph of A and has a vertex-colouring with { —1 colours. If the degree
of v in A were less than | — 1, then we could extend this vertex-colouring
to A, contradicting the fact that v(A) = I. Thus the degree of v is at
least [ — 1. a

Proposition 8.5 (Wilf 1967)  For any graph I' we have
v(I') <14 Apax(D).

Proof It follows from Lemma 8.4 that there is an induced subgraph
A of I such that v(A) = v(T'), and knin(A) > v(T') — 1. Thus, using the
inequalities of Proposition 8.3, we have

V() <14+ kpnin(A) <14+ Anax(A) <14 Anax(T).
O

Wilf’s bound may be compared with the simple bound v < 1 + kpax,
which is proved by an obvious argument. There is also a nontrivial
refinement of the simple bound, known as Brooks’s theorem: v < kpax
unless I' is a complete graph or an odd cycle. For example, for the
complete bipartite graph K, ; we have

kmax(Ka,b) = ma'x(a"b)> Amatx(}{a,b) = \/(ab)
When a is large in comparison with b the second number is much smaller
than the first, but it is still a poor bound for the chromatic number, 2.
Our next major result is complementary to the previous one, in that

it provides a lower bound for the chromatic number. We require a pre-
liminary lemma and a corollary.
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Lemma 8.6 Let X be a real symmetric matriz, partitioned in the form
_| P Q
| w)
where P and R are square symmetric matrices. Then
/\max(X) + /\min(x) < /\max(P) + /\max(R)-

Proof Let A = AnLin(X) and take an arbitrary € > 0. Then X* =
X — (A — €)I is a positive-definite symmetric matrix, partitioned in the
same way as X, with
Pr=P-(A-¢I, Q" =Q, R =R-(\-¢L
By applying the method of Rayleigh quotients to the matrix X*, it can
be shown that
Amax(X") € Amax(P”) + Amax(R").
(See for instance Linear Transformations by H. L. Hamburger and M. E.
Grimshaw (Cambridge, 1956), p. 77.) Thus, in terms of X, P and R,
we have
/\max(x) - ()‘ - f) < /\max(P) - ()‘ - 5) + )‘max(R) - (/\ - f)v

and since € is arbitrary and A = Apin(X) we have the result. O

Corollary 8.7 Let A be a real symmetric matriz, partitioned into t
submatrices A;; in such a way that the row and column partitions are
the same; in other words, each diagonal sub-matriz A,, (1 <1 <t) is
square. Then

Amax(A) + (£ = DAmin(A) <Y Amax(Asi).
i=1

Proof We prove this result by induction on ¢. It is true when ¢t = 2, by
the lemma. Suppose that it is true when ¢t = T — 1; then we shall show
that it holds when ¢t = 7. Let A be partitioned into 7% submatrices,
in the manmner stated, and let B be the matrix A with the last row and
column of submatrices deleted. By the lemma,

)\max(A) + ’\min(A) S )\max(B) + /\max(ATT)a
and by the induction hypothesis,

T-1
/\max(B) + (T - 2)/\min(B) S Z /\max(An)'
=1

Now Amin(B) > Amin(A), as in the proof of Proposition 8.3. Thus,
adding the two inequalities, we have the result for t = T', and the general
result follows by induction. O

We can now establish a lower bound for the chromatic number.



Verter-partitions and the spectrum 57

Theorem 8.8 (Hoffman 1970)  For any graph I', whose edge-set is
non-empty,

A r

v(l) > 1+ —ﬂ—(———)-

—)\min(r)
Proof The vertex-set VI' can be partitioned into v = v(I') colour-
classes; consequently the adjacency matrix A of I' can be partitioned
into v2 submatrices, as in the preceding corollary. In this case, the
diagonal submatrices A,, (1 < i < v) consist entirely of zeros, and so
Amax(Aq) =0 (1 <14 <v). Applying Corollary 8.7 we have

)‘max(A) + (V - I)Amin(A) < 0.

But, if I' has at least one edge, then Apin(A) = Amin(I') < 0. The result
now follows. ]

[n cases where the spectrum of a graph is known, Hoffman’s bound
can be very useful. Consider, for example, the graph ¥ which arises
from the classical configuration of 27 lines on a general cubic surface, in
which each line meets 10 other lines. The vertices of ¥ represent lines,
and adjacent vertices represent skew lines, so that X is a regular graph
with 27 vertices and degree 16. This is the graph with least eigenvalue
—2 mentioned in 3g. Since Apax(X) = 16 and Apin(X) = —2, Hoffman’s
bound is v(X) > 1 + 16/2 = 9, a result which would be difficult to
establish by direct means. On the other hand, it is fairly easy to find
a vertex-colouring using 9 colours (Haemers 1979), so Hoffman's bound
leads to the exact answer v(¥X) = 9 in this case.

Additional Results

8a The eigenvalues of a planar graph  Let T' be a planar connected
graph. Then it follows from Theorem 8.8 and the four-colour theorem
that

1
’\min(r) S _EAmax(F)-

8b Another bound for the chromatic number Let I’ be a regular graph
of degree k with n vertices. In any colour-partition of I' each colour-class
has at most n — k vertices; consequently v(I') > n/(n — k). Cvetkovi¢
(1972, see also 8h) proved a corresponding result for any, not necessarily
regular, graph:

v(l') 2

n — )‘max
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8c The second eigenvalue of the Laplacian  The eigenvalues of a real
symmetric matrix may be characterised in terms of the Rayleigh quo-
tient. In particular, for the first non-zero eigenvalue 1 of the Laplacian
matrix Q, the characterisation asserts that

i = min R(Q;x),

utx=0
where u is the all-1 vector, the eigenvector corresponding to pg. This
provides a powerful method for finding upper bounds for p;. If we think
of x as a real-valued function £ defined on the vertex-set, the condi-
tion u‘x = 0 becomes > _&(v) = 0, and for any function satisfying this
condition we have (by a simple manipulation of the Rayleigh quotient)

s Y €0 -gw) /Y ew?

{v.w}€E

8d A spectral bound for the isoperimetric number Let §X be the cut
defined by X C VT, and let z = | X|, n = |VT|. Define £(v) to be 1/z if
v € X, and —1/(n — z) otherwise. Then 8c implies that
1 1
< 16X1 (54722 ).

T n—=x

It follows that, for the isoperimetric number defined in 4b, we have
i(T") > p1/2, and in the k-regular case, i(I') > (k — A\1)/2 (Alon and
Milman 1985).

8e Fquipartitions Suppose that ' is a graph with n vertices, and &X' is
a partition of its vertex-set. Let § X denote the set of edges whose ends
are in different parts. We say that X is an equipartition if each part has
the same size p; then n = pg where ¢q is the number of parts. Biggs,
Brightwell, and Tsoubelis (1992) showed that in this case

8f The odd graphs (Biggs 1979) Let k be a natural number greater than
1, and let S be a set of cardinality 2k — 1. The odd graph O is defined as
follows: its vertices correspond to the subsets of S of cardinality £ — 1,
and two vertices are adjacent if and only if the corresponding subsets
are disjoint. (For example, O, = K3, and O3 is the Petersen graph.) Ok
is a regular graph of degree k; when k = 2 its girth is 3, when k = 3 it
is 5, and when k > 4 it is 6.

The spectrum of O can be obtained by the methods described in
Chapters 20 and 21 (see 21b). In particular, the largest eigenvalue Apax
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is k, the next largest is k£ — 2, and the least is 1 — k. Using Theorem 8.8
and 8d respectively. we get the following lower bounds for the chromatic
and isoperimetric numbers:

— (k-
V(Ok)21+_‘_§-1—>2; i(Ok)ZE——-—L—-—?—):l.

k 2
To see how good these bounds are, let V{a, §] denote the set of vertices
containing a given pair a, 3 € S; let V[a,B] denote the set of vertices
containing « but not 8; and so on. Then the three sets V[&, 3], V&, 3.
and V[a, B)UV[a, 8] form a colour partition, so ¥(Oy) = 3. Furthermore,
the cut defined by X = V[a, 8] U V[&, f] and its complement satisfies

sxi__ 2005) &
X (Qkk—_33) + (Qkk—_ls) k-1

Thus i(Ox) < 1+ (k — 1)~!. Further results about the odd graphs may
be found in 17d, 20b, and 21b.

8g The Motzkin-Straus formula Consider the quadratic programming
problem (QP)

maximize x'Ax subjectto u'x=1, x>0,

where A is the adjacency matrix of a graph I'. Define the support of a
feasible vector x to be the set of vertices v, for which z, # 0. It can
be shown that, for an optimal x with minimal support, the support is a
clique (a complete subgraph) in I'. It follows that the maximum value
for the QP is 1 — 1/w(T"), where w(I') is the size of the largest clique in
[. This is the formula of Motzkin and Straus (1965). Putting =, = 1/n
for i =1,2,...,n = |VI|, and letting m = |ET|, we get
1 2m

]. - m el —T'L?.
In particular, we have Turdn’s Theorem: if I' has no triangles, then
m < n?/4.

8h Another spectral bound Let s be the sum of the entries of the nor-
malized eigenvector corresponding to Amax. Wilf (1985) observed that
the Motzkin-Straus formula leads to the result w > s2/(s2—Apax). Since
s? < n it follows that w > n/(n — Amax). Furthermore, the chromatic
number v cannot be less than w, so this strengthens the result 8b of
Cvetkovid.
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The chromatic polynomial

Part Two is concerned with polynomial functions which represent certain
numbers associated with graphs. The best-known example, the chro-
matic polynomial, is introduced in this chapter. It should be stressed
that here we have to deal with general graphs, because some of the
constructions fail when restricted to strict graphs.

Definition 9.1 Let I" be a general graph with n vertices, and let u
be a complex number. For each natural number r, let m,(I') denote
the number of distinct colour-partitions of VI into r colour-classes, and
define u(,) to be the complex number u(u —1)(u—2)...(u~r+1). The
chromatic polynomial of T is the function defined by

C(Tiu) =Y me(Dug).
r=1

Proposition 9.2 If s 1s a natural number, then C(I'; s) is the number
of vertez-colourings of I' using at most s colours.

Proof Every vertex-colouring of I' in which exactly r colours are used
gives rise to a colour-partition into r colour-classes. Conversely. for each
colour-partition into r colours we can assign s colours to the colour-
classes in s(s — 1)...(s — r + 1) ways. Hence the number of vertex-
colourings in which s colours are available is ) m,(I')s() = C(T;s).

a
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The simplest example is the chromatic polynomial of the complete
graph K,,. Since every vertex of K, is adjacent to every other one, the
numbers of colour-partitions are

my(Kn) =ma(Kn) =...=mu1(K) =0, my(K,)=1.
Hence
C(Kpju)=u(lu—1)(u=-2)...(u—n+1).

Possibly the most important fact about the chromatic polynomial is
that it is indeed a polynomial; in other words, the number of vertex-
colourings of a graph, with a given number of colours available, is the
value of a polynomial function. This is because the expressions u,
which occur in the definition are themselves polynomials.

Some simple properties of the chromatic polynomial follow directly
from its definition. For example, if I' has n vertices, then m, (') = 1;
hence C(I';u) is a monic polynomial of degree n. Gther results follow
directly from Proposition 9.2 and the principle that a polynomial is
uniquely determined by its values at an infinite set of natural numbers.
For instance, if I" is disconnected, with two components I'y and I';, then
we can colour the vertices of I'; and I'; independently, and it follows that
C(I';s) = C(T'y;8)C(T'2; s) for any natural number s. Consequently

C(Iu) = C(I'1;u)C(Ta;u),
as elements of the ring of polynomials with integer coefficients.

Since u is a factor of u¢,y for all » > 1, it follows that C(I';0) = 0
for any general graph I'. If I' has ¢ components, then the coefficients of
1 =u® u!,...,uc"?! are all zero, by virtue of the result on disconnected
graphs in the previous paragraph. Also, if ET # § then I' has no vertex-
colouring with just one colour, and so C(I';1) =0 and © — 1 is a factor
of C(I'; u).

The problem of finding the chromatic number of a graph is part of the
general problem of locating the zeros of its chromatic polynomial, be-
cause the chromatic number v(I') is the smallest natural number v which
is not a zero of C(I';u). This fact has stimulated some interesting work
(see 9i, 9j and 9k for example), but, as yet, elementary methods have
proved more useful in answering questions about chromatic numbers.

The simplest method of calculating chromatic polynomials is a recur-
sive technique. Suppose that I' is a general graph and that e is an edge
of T which is not a loop. The graph I'®) whose edge-set is ET"\ {e} and
whose vertex-set is VI is said to be obtained by deleting e; while the
graph ') constructed from I'(®) by identifying the two vertices incident
with e in T, is said to be obtained by contracting e. We note that I'(¢)
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has one edge fewer than I', and I'(,y has one edge and one vertex fewer
than T, and so the following Proposition provides a method for calculat-
ing the chromatic polynomial by repeated reduction to ‘smaller’ graphs.
This is known as the deletion—-contraction method.

Proposition 9.3  The chromatic polynomial satisfies the relation
C(Tyu) = C(I;u) — C(T (o) w).

Proof Consider the vertex-colourings of I'(®) with s colours available.
These colourings fall into two disjoint sets: those in which the ends of
e are coloured differently, and those in which the ends of e are coloured
alike. The first set is in bijective correspondence with the colourings of
', and the second set is in bijective correspondence with the colourings
of (). Hence C(I'®);s) = C(T;s) + C(I'(¢); s) for each natural number
s, and the result follows. O

Corollary 9.4 IfT is a tree with n vertices then

C(Tiu) = u(u—1)""1,
Proof We prove this by induction, using the elementary fact that any
tree with n > 2 vertices has a vertex (in fact, at least two vertices) of
degree 1. The result is clearly true when n = 1. Suppose it is true when
n= N —1, and let T be a tree with N vertices, e an edge of T incident

with a vertex of degree 1. Then T(®) has two components: an isolated
vertex, and a tree with N — 1 vertices, the latter being T.). Hence

C(T;u) = uC(Tie); ),
and using Proposition 9.3 and the induction hypothesis
C(T;u) = (u—1)C(Te);u) = (u— Du(u - N2 = y(u - 1)V
Hence the result is true when n = N, and for all n by the principle of
induction. 0O

The deletion-contraction method also yields the chromatic polynomial
of a cycle graph C,,. If n > 3 the deletion of any edge from C,, results
in a path graph P,. which is a tree with n vertices, and the contraction
of any edge results in a cycle graph C,,_;. Hence

C(Crn;u) =u(u—1)""1 = C(Cr_1:u).
Since C3 = K3, we have
C(Cyu) =u(u—1D(u—-2)=(u=-1)3 - (u-1)
We can solve the recursion given above, with this ‘initial condition’, to
obtain the formula

C(Cniu)=(u—-1)"+(-1)"(u—-1).
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We now describe two other useful techniques for calculating chromatic
polynomials. The first is concerned with the ‘join’ operation for graphs.
Suppose I'y and I'y are two graphs; then we define their join I'y +I'5 to
be the graph with vertex-set and edge-set given by

V([ +T2)=VI UV
E(F1+F2):EF1UEF2U{{I,:I/}I.IEVF],yEVFg}.

In other words, I'1 + I'y consists of copies of I'; and I'y with additional
edges joining every vertex of I'; to every vertex of I's.

Proposition 9.5 The numbers of colour-partitions of I' = I'y + I'y
are given by

m, (') = Z m,(I'1)my(T).

7+l=1

Proof Since every vertex of I'; is adjacent (in I') to every vertex of
I', any colour-class of vertices in I' is either a colour-class in I'; or a
colour-class in I',. Hence the result. O

Corollary 9.6  The chromatic polynomial of the join I'y + I'g is
C(Ty + Ioju) = C(I'y;u) o CT'g; ),
where the o operation on polynomials signifies that we write each poly-

nomial in the form Y m,u(;y and multiply as if ug,) were the power ut.
|

For example, the complete bipartite graph K33 is the join N3 + N3,
where NV, is the graph with n vertices and no edges. From Corollary
9.6, we have

C(K33;u) = ud o’
= (u(3) + 3u(z) +u)) © (u@) + 3ue) + uq))
= ’U,(s) + 6U(5) + 1111,(4) + 6U(3) + ’U.(Q)
= u® — 9u® + 36u* — 75u® + 78u® - 31u.
The chromatic polynomials of all complete multipartite graphs can be
found in this way. .

Another application of the method yields the chromatic polynomials
of the graphs Ny + I and N, + I', sometimes known as the cone and
suspension of I', and denoted by cI' and sI" respectively.
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Proposition 9.7  The chromatic polynomials of a cone and a suspen-
sion are given by

C(cliu) =uC T u—1),

C(sCyu) = u(u—1)C(Tu —2) + uC(lu - 1).
Proof Let C([;u) =Y m,u(,). Using Corollary 9.6 and the fact that
UGel) = u(u — 1)), we have

C(cT;u) = C(Ny + Ty u) = uo C(T5u) = uq OZm,u(l)

= Zmlu(lﬂ) = uZmz(u — 1)y = uC(lu - 1).
The second part is proved in a similar way, using the identity u? =
u(2) + U(1)- O

Another useful technique for the calculation of chromatic polynomials
applies to graphs of the kind described in the next definition.

Definition 9.8 The gencral graph T' is quasi-separable if there is a
subset K of VI such that the induced subgraph (k) is a complete graph
and the induced subgraph (VT \ K) is disconnected. I' is separable if
|K| < 1; in this case either K = 0 so that I is in fact disconnected, or
|K| = 1, in which case we say that the single vertex of K is a cut-vertex.
It follows that in a quasi-separable graph I' we have VI = V; U 1,
where (Vi N V,) is complete and there are no edges in I' joining Vi \
(Vi N Va) to Vo \ (V1 NV2). We shall refer to the pair (V1,V2) as a
quasi-separation of T, or simply a separation if [V N V| < L.

A graph which is quasi-separable but not separable is shown in Figure
3: the relevant quasi-separation is given by Vi = {1,2,4},V5 = {2,3,4}.

l e 2

4 -8 3

Figure 3: a quasi-separable graph.

Proposition 9.9  If the graph T’ has quasi-separation (1, Va) then
C((V1);u) C({(Va);u)
C((VinVa);u)

C(lu) =
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Proof If ViNV; is empty we make the convention that the denomina-
tor is 1, and the result is a consequence of the remark about disconnected
graphs following Proposition 9.2. Suppose that (V; N V,) is a complete
graph K, t > 1. Since I" contains this complete graph, I' has no vertex-
colouring with fewer than ¢ colours, and so u() is a factor of C(T'; u).
For each natural number s > t, C(I';s)/s(;) is the number of ways of
extending a given vertex-colouring of (V; N V3) to the whole of I, us-
ing at most s colours. Also, both (Vi) and (V,2) contain the complete
graph K, = (Vi NV3), so C((V5);s)/s(), © € {1,2}, has a corresponding
interpretation. Since there are no edges in I' joining V; \ (V} N V3) to
Vo \ (Vi N V;), the extensions of a vertex-colouring of (V3 N V3) to (V7)
and to (V;) are independent. Hence

CT5s) _ C((W)is) C({Va); )
s(t) S(t) s
for all s > t. The corresponding identity for the polynomials follows.

a

The formula of Proposition 9.9 is often useful in working out chromatic
polynomials of small graphs. For instance, the graph shown in Figure 3
is ‘two K3’s with a common K5'; hence its chromatic polynomial is

u(u—1)(u—2) u(u—-1)(u—-2)

u(u — 1) B

An important theoretical application of Proposition 9.9 will be described
in Chapter 12.

w(u — 1)(u - 2)2.

Additional Results

9a Wheels and pyramids The cone of the cycle graph C,,_; is the wheel
or pyramid W,; the suspension of C,_, is the double pyramid I1,,. The
chromatic polynornials of these graphs are

C(Wpsu) =u(u —2)" '+ (=1)" lu(u - 2);
C(In;u) = u(uw —1) (v = 3)" "2 +u(u —2)" "2 + (=1)"u(u? — 3u + 1).

9b The cocktail-party graphs Let ps(u) = C(Hy;u), where Hy is the
cocktail-party graph Ky, . 2 with 2s vertices. The polynomials ps(u)
can be found from the recursion

pi(u) = UQ, ps(u) = u(u = 1)ps—1(u — 2) +ups 1 (u—1) (s> 2).
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9c Ladders and Mobius ladders  The ladder L, (h > 3) is a regular
graph of degree 3 with 2h vertices uy,uz....,up,v1,v2....,vp; the ver-
tices uj,...,un form a cycle of length h, as do the vertices vy, ..., v,
and the remaining edges are of the form {u,,v,}, 1 <1 < h. The Mobius
ladders M, were defined in 3e. By systematic use of the deletion -
contraction method Biggs, Damerell, and Sands (1972, see also 9i)
showed that

C(Lniu) = (u? “3u+3)Fw-D{B-w)"+ (1 -} +u? - 3u+1;

C(Mpu) = (® =3u+3)"+ (u-D{B-w)" - (1-w)"} - 1.

9d The chromatic polynomial characterizes trees  Corollary 9.4 implies
that different graphs may have the same chromatic polynomial, since any
two trees with the same number of vertices have this property. However,
if I" is a simple graph with n vertices, and C(I';u) = u(u — 1)*~!, then
I" is a tree (Read 1968).

9e Chromatically unique graphs A graph is said to be chromatically
unique if it is the only graph with its chromatic polynomial. From
Corollary 9.4 we know that any tree with more than three vertices is
not chromatically unique. Several families of graphs are known to be
chromatically unique, among them the following.

(a) The complete graphs, K,.

(b) The cycle graphs, C,, (n > 3).

(c) The wheel graphs W, for odd n.
It is known that W and Wy are not chromatically unique, but W7, is.
See Li and Whitehead (1992) for this result and additional references.

9f The chromatic polynomials of the reqular polyhedra  The chromatic
polynomials of the graphs formed by the vertices and edges of the five
regular polyhedra in three dimensions are known. The graph of the
tetrahedron is Kj4. the graph of the octahedron is H3 = Kj4.2 (9b),
and the graph of the cube is Ly (9¢c). The chromatic polynomial of
the icosahedron was computed by Whitney (1932b); after removing the
factors u(u — 1)(u — 2)(u — 3), it is

u8 — 2447 +260u8 — 1670w’ +6999u* — 19698u> +36408u? —40240u+20170.

The computation of the chromatic polynomial of the dodecahedron was
first attempted by D.A. Sands (in an unpublished thesis, 1972) and
Haggard (1976). In order to reduce the size of the coefficients it is
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convenient to express the result in the form

17
~u(u — 1)(u — 2) Zci(l —u)*
i=0

In this form the coefficients ¢, are all positive, and they are:
1, 10, 56, 230, 759, 2112, 5104, 10912, 20880, 35972,

55768, 77152, 93538, 96396, 80572, 50808, 21302, 4412.

9g Interpolation formulae Suppose that two finite sequences of real
numbers mg, my, ..., M, and pg, p1, ..., Pn are related by the rule

k
Pk = Z mrk(ry.
r=0

Then there is an inverse formula giving the m’s in terms of the p’s, and
this in turn leads to a formula for the polynomial p(u) of degree n whose
value at k € {O 1,. n} is px:

Z k(r ),Pk, Zou(r Z k(r ,Pk
r=

In particular we have formulae for the numbers of colour-pa.rtxtlons, and
the chromatic.polynomial, in terms of the numbers of k-colourings.

9h Acyclic orientations An orientation of a graph, as defined in Chapter
4, is said to be acyclic if it has no directed cycles. For example, on a
tree with n vertices any orientation is acyclic, so there are 2"~ ! acyclic
orientations. Stanley (1973) showed that in general the number of acyclic
orientations of I is the absolute value of C(I'; —1).

9i Recursive families and chromatic roots As was remarked at the
beginning of this chapter, the location of the zeros of a chromatic poly-
nomial is a fundamental problem, because it subsumes the problem of
finding the chromatic number. One of the few positive results in this
direction is that the zeros for some families of graphs lie near certain
curves in the complex plane. Biggs, Damerell and Sands (1972) defined
a recursive family of graphs {I',,} to be a sequence of graphs in which the
polynomials C(I',,; u) are related by a linear homogeneous recurrence,
in which the coefficients are polynomials in u. In this case C(I'y;u) can
be expressed in the form

C(lp;u) = E a, (u ,

where the functions «; and A, are not necessarily polynomials. For
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example, the ladders form a recursive family, and as in 9¢c we have
aj(u) =1, az(u) =u—-1, az(u) =u -1, ag(u) = u? — 3u + 3;
A(uw) =u? = 3u+3, A(u) =3—u, Az(u) =1—u, A(u) =1.

Define a chromatic root of the family {I',} to be a complex number (
for which there is an infinite sequence (u,) such that u, is a zero of
C(I'n;u) and limu, = (. Beraha, Kahane and Weiss (1980) obtained
necessary and sufficient conditions for { to be a chrornatic root, and
Read (1990) explained how their results confirm empirical observations
of Biggs, Damerell and Sands concerning the chromatic roots of the
ladder graphs. It turns out that the chromatic roots of the ladders are
0, 1, together with the points lying on parts of two quartic curves and
the line Ru = 2.

9) Planar graphs It is clear that the integers 0,1,2,3 are zeros of
C(I'; u) for suitable planar graphs I', but the four-colour theorem tells
us that the integer 4 is never a zero. The first result about non-integral
zeros was obtained by Tutte (1970). He observed that there is often a
zero close to (3 + v/5)/2 = 2.6180.. ., and he proved that for any graph
I' with n vertices which triangulates the plane

Vi-1\""
. |

C(T; (34 V5)/2) < (

Figure 4: the iterated octahedron.

However this does not imply that (3 + v/5)/2 is a chromatic root of
every family of plane triangulations. For example, the ‘iterated octahe-
dron’ A, (Figure 4) has chromatic polynomial

CAn;u) = u(u — 1)(u — 2)(u® - 9u? +29u — 32)™.
Tutte's result applies to this family, and consequently all the graphs

have a zero ‘near’ 2.6180.... But this zero is a constant, 2.5466.. .,
independent of n; there is no zero which tends to 2.6180... as n — cc.
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9k Chromatic roots of planar graphs  Tutte’s result (8j) led to specula-
tion concerning the numbers b, = 2 4+ 2 cos(27/n) as chromatic roots of
families of planar graphs, based on the observations that by = 0, b3 = 1,
by =2, bs = 2.6180..., bg = 3, and b, — 4. Beraha and Kahane (1979)
proved that 4 is indeed a chromatic root of a family of planar graphs, and
Beraha, Kahane and Weiss (1980) proved the the same thing for bs, b7,
and bjg. Concerning the numbers b, in general, Tutte (1984) observes
that ‘their significance is not yet properly understood’.

91 Zero-free intervals If ' is a graph which triangulates the plane,
there are no non-integral zeros ¢ of C(I'; u) for which ¢ < 2.5466.. ., the
zero of the octahedron mentioned in 9j (Woodall 1992).

9m Confluence of the deletion—-contraction method In the method of
deletion and contraction we are free to choose any edge at each step.
The fact that the order of choosing edges does not affect the final result
is obvious, given the concrete interpretation of the chromatic polynomial
in terms of colourings. However, the deletion-contraction method may
be applied formally, as a set of so-called rewriting rules, and then it is
necessary to prove that there is a ‘normal form’, independent of the order
in which the rules are applied. This follows from two general properties
of the rewriting rules, known as ‘well-foundedness’ and ‘local confluence’

(Yetter 1990).

9n The umbral chromatic polynomial If P is a partition of an n-set in
which there are a; parts of size i, then we define the formal expression

rH(P) = ¢57 .. 400 .
Given a graph I, let
m? (L) = Y _7%(P),

P
where the sum is over all colour-partitions P of VT with r parts. Clearly,
putting ¢1 = ¢2 = ... = ¢,_1 = 1 we obtain the ordinary m,.(I'), as

defined on p. 63.
Ray and Wright (1992) show that the corresponding generalization of

the chromatic polynomial is obtained by replacing the expressions u)
by what are known as the conjugate Bell polynomials b®(u). Thus they
define the umbral chromatic polynomsial

COTiu) = 3 me O (w)

They obtain interpolation formulae like those in 9g and analogues of
other properties of the ordinary chromatic polynomial.
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Subgraph expansions

It is clear that calculating the chromatic polynomial of a graph is at
least as hard as finding its chromatic number. The latter problem is
known to be difficult, in a technical sense which appears to correspond
with practical experience. (More details may be found in the Additional
Results at the end of Chapter 13.) There are nevertheless good reasons,
both theoretical and practical, for studying methods of calculating the
chromatic polynomial which are more sophisticated than those discussed
in the previous chapter. These methods are based on the idea of an
‘expansion’ in terms of certain subgraphs.

Definition 10.1  The rank polynomial of a general graph [ is the
function defined by
R(T:z,y) = Z (S y3(8),
SCET

where 7(S) and s(S) are the rank and co-rank of the subgraph (S5) of I'.
If we write R(T'; z,y) = Y_ prsx"y° then p,. is the number of subgraphs
of I with rank r and co-rank s. and we say that the matrix (p,s) is the
rank matrix of .

For example. the rank matrix of the graph Kj 3 is

-1 -
9

36

8 9

117 45 6
[ 81 78 36 9 1.
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Here the rows are labelled by the values of the rank r from 0 to 5, and the
columns are labelled by the values of the co-rank s from 0 to 4. We notice
that since r(S)+s(S) = |S| for all S C ET', an antidiagonal (sloping from
bottom left to top right) corresponds to subgraphs with a fixed number
t of edges, and consequently sums to the binomial coefficient (?) We
observe also that the number in the bottom left-hand corner (generally
Pn—1,0, Wwhere n is the number of vertices) is just the tree-number of the
graph. These facts mean that in this case very few entries need to be
calculated explicitly.

As we shall see, several interesting functions can be obtained by as-
signing particular values to the indeterminates z and y in the rank poly-
nomial. Trivially, putting y = = gives R(I'; z,z) = (z + 1)!ET!, because
r(S) + s(S) = |S| for all S C ET. The main result to be proved in
this chapter is that by assigning certain values to r and y we obtain the
chromatic polynomial.

For any natural number u, let [u] denote the set {1,2,...,u}, which
we shall think of as a set of u colours, and let [u]|* denote the set of all
functions w : X — [u]. For a general graph I', the set [u]V" contains
some functions which are vertex-colourings of I with u colours available,
and some functions which are not vertex-colourings since they violate the
condition that adjacent vertices must receive different colours. In order
to pick out the vertex-colourings we make the following definition.

Definition 10.2 For each w € [u]Y" we define the indicator function
w: ET — {0,1} as follows.
~ 1, if e has vertices vy, v2 such that w(vy) # w(ve);
Wie) = :
0, otherwise.

In particular, &(e) = 0 if e is a loop.

Lemma 10.3 IfT is a general graph and u is a natural number, then
cmu) = » ] @
we€u]VT ee ET
Proof The product [[&(e) is zero unless &W(e) = 1 for all e € ET,
and this is so only if w is a vertex-colouring of I'. Thus the sum of these
products is the number of vertex-colourings of I' using at most u colours.
The result follows froin Proposition 9.2. O

Theorem 10.4  The chromatic polynomial of a graph I with n vertices
has an expansion in terms of subgraphs as follows:

Clu) = Z (=1)1Slyn=r(S),

SCET
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Proof For any natural number uv we have

w= Y Jlae= > J[{1+@e -}

w€[u]Vl e€ET welu]VT e€ ET

Expanding the product of terms 1 -+ f(e) we obtain a sum of 2"'5”~
expressions [] f(e), one for each subset S C ET. That is,

w= 2>, ) @

we{u]VlI SCET e€eS

We now switch the order in the double sum. For each S C ET let
VS = V(S); then any function from V'S to [u] is the restriction to V'S
of ulVT\VSI functions from VT to [u]. Thus

Z 2 @E@-n= 3« 57 Jl@e) -

[u]VT SCET e€S SCET welu]VS e€S

Consider the product [[(&(e) — 1) over all edges e € S. If the product
is non-zero, W(e) must be 0 for each e € S, which means that w is
constant on each component of (S). In this case the value of the product
is (—1)!51. If (S) has ¢ components there are u¢ such functions w; hence
the sum of the product over all ulVS! functions w : V.S — [u] is (=1)!51u".
The result follows from the equation

IVI\VS|+c=n—|VS|+c=n-r(S).
O

Corollary 10.5 The chromatic polynomial and the rank polynomial
of a general graph I' with n vertices are related by the identity

C(T;u) = u™R([; —u™!, —1).
If the chromatic polynomial is
C(Tiu) =bou +bu™ 4+ ...+ by yu+ by,

then the coefficients b, can be expressed in terms of the entries in the
rank matriz, as follows:

(=1)'b, =Y (=1)p,,.

J
Proof The identity between the polynomials follows directly from
Theorem 10.4 and the definition of the rank polynomial. In terms of the
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coefficients, we have

szu"_l =C(T;u) =u"R(I: —u~t -1)

r.s
DI UEEIES
T S
Equating coeflicients of powers of u, and rearranging the signs, we have
the result stated above. a

The formula for the coefficients expresses b, as an alternating sum of
the entries in the ith row of the rank matrix. This formula was first
studied by Birkhoff (1912), in the original paper on chromatic polyno-
mials, and Whitney (1932a). For example, from the rank matrix for
K3 3 given above we have

by = -9, b, =36, b3=-84+9=-75. by =117T-45+6 =178,

bs = 81 +78—-36+9 -1 = -31.
This checks with the result obtained in Chapter 9 by a different method:
C(K33;u) = ub — 9u® + 36u* — 75u3 + 78u? — 31w

Proposition 10.6  Let I' be a strict graph of girth g, having m edges
and 1 cycles of length g. Then, with the above notation for the coeffi-
cients of the chromatic polynomial of I', we have

(1) (=16, =(7) for i=0.1,...,9 -2

(2) (=17 = () = 1.
Proof A subgraph of I' with rank i < g — 2 must have co-rank zero,
since I' has no cycles with fewer than g edges. Thus, for all i < g — 2,
we have p,o = (7') and p,; = 0 if j > 0. Further, the only subgraphs
of I' with rank g — 1 are the (g'fl) forests with g — 1 edges (which have
co-rank zero), and the 7 cycles with g edges (which have co-rank 1).
Thus,

m .
Pg—1,0 = i) Pg-11 =71, pg-1,=0, if 7>1

The result follows from the expression for the coefficients of the chro-
matic polynomial. O

We observe that for a strict graph the girth g is at least 3, so the coef-
ficient of v~ ! in the chromatic polynomial is —m, where n and m are
the numbers of vertices and edges respectively.
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The formula for the coefficients of the chromatic polynomial is an
alternating sum, and its use involves counting many subgraphs which
‘«cancel out’ in the final result. Whitney (1932a) discovered a reduction
which involves counting fewer subgraphs. His result also shows that the
non-zero coefficients of the chromatic polynomial alternate in sign: that
is, (—1)'b, is always positive. Let I' be a simple graph whose edge-set
ETl = {e1,e2,...,emn} is ordered by the natural order of subscripts. This
ordering is to remain fixed throughout our discussion. A broken cycle
in I' is the result of removing the first edge from some cycle; in other
words, it is a subset B of ET such that for some edge e; we have

(1) BU{e;} isacycleinI'; (2) i > for each edge e, € B.

The next proposition expresses the coefficients of the chromatic polyno-
mial in terms of the subgraphs which contain no broken cycles; clearly
such subgraphs contain no cycles, and so they are forests.

Proposition 10.7 (Whitney 1932a) Let I' be a strict graph whose
edge-set is ordered as above, and let C(I';u) = > bu™"*. Then (—1)'b,
is the number of subgraphs of I' which have i edges and contain no broken
cycles.

Proof Suppose Bj, Bs...., B, is a list of the broken cycles of I, in
dictionary order based on the ordering of ET'. Let f, (1 <1 < t) denote
the edge which, when added to B,, completes a cycle. The edges f, are
not necessarily all different, but, because of the way in which the broken
cycles are ordered, it follows that f, is not in B, when j > i.

Define ¥4 to be the set of subgraphs of I' containing no broken cycle,
and for 1 < h <t define ¥;, to be the set of subgraphs containing Bj,
but not Bpyi1, Bhyo,...,By. Then ¥g,%,,...,X,; is a partition of the
set of all subgraphs of I'. We claim that, in the expression

(1) = ) (1Y p,,
the total contribution to the sum from ¥,,..., Y, is zero.

Suppose S is a subset of ET' not containing f; then S contains By, if
and only if SU {fn} contains By. Further, S contains B, (i > h) if and
only if SU {fn} contains B,, since f5 is not in B,. Thus if one of the
subgraphs (S), (SU{fr}) is in X, then both are in ¥,. They have the
same rank, but their co-ranks differ by one, and so their contributions
to the alternating sum cancel. Consequently, we need only consider the
contribution of £y to > _(—1)7p,,. Since a subgraph (S) in ¥ is a forest,
it has co-rank j = 0 and rank ¢ = |S|, whence the result. O

Corollary 10.8 Let I' be a strict graph with rank r. Then the co-



78 Colouring problems

efficients of C(I';u) alternate strictly wn sign; that is, (—1)b, > 0 for
1=0,1...,r.

Proof The characterization of Proposition 10.7 shows that (—1)*b, >
0 for 0 <7 < n. In order to obtain the strict inequality we must show
that there is a subgraph with ¢ edges and containing no broken cycle, for
i =0,1,...,7. Suppose we successively remove edges from I" in such a
way that at least one cycle is destroyed at each stage; this process stops
when we reach a subgraph (F') of I' with |F| = r and s(F) = 0. Let us
order the edges of I" so that the edges in F' come first. Then (F') contains
no broken cycle, and any subset of F' generates a subgraph containing
no broken cycle. Thus we have produced the required subgraphs, and
the result follows. O

Recall that, at the beginning of Chapter 9, we observed that b, = 0 if
i=n,n—1,...,n—(c—1), wheren = |VI'| and I" has c components. That
is, b, =0if : =7+ 1,....n. Thus we have shown that the coefficients
of the chromatic polynomial alternate strictly, and then become zero.

Additional Results

10a Inequalities for the coefficients of the chromatic polynomial If I’
is a connected strict graph with n vertices and m edges, and C(I';u) =

2b,u™ ", then
1
(” | ) < (-1)b < (m)
1 1

10b Codichromatic graphs An example of two non-isomorphic general
graphs having the same rank matrix was found in the 1930’s by Marion
C. Gray (see Figure 35).

Al

Figure 5: two general graphs with the same rank matrix.
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Tutte (1974) drew attention to this work and constructed pairs of strict
graphs which have the same rank matrix.

10c V' -functions A function f defined on isormorphism classes of graphs
and taking values in a ring A is a V-function if it satisfies the following
conditions.
(a) If I' is empty then f(I') = 1.
(b) If T is the union of disjoint graphs I'y, 'y, then f(T') = f(I'1) f(T'2).
(¢) If € is any edge of [ which is not a loop, theu f satisfies the deletion-
contraction formnula

S0 = fFE) + f(Tie)).

It is easy to see that the chromatic polynomial and the rank polyno-
mial, suitablv normalized. are V-functions. The most general V-function
is constructed as follows. For any sequence i = ij.?1.%2.... of non-
negative integers. with finite sum, let v(I'. i) be the number of spanning
subgraphs of I' which have i, components of co-rank k. for k& > 0. Let
s = (50.51.82....) be any infinite sequence of clements of 4 and let

fs(0)=> o) ] sk
i k=0
Then fs is a V-function. and every V-function can be written in this
way (Tutte 1947h).

10d The rank polynomial as a V-function By taking the ring A to be
the ring of polynomials with integer coeflicients in two indeterminates
z,y and s to be the sequence defined by s, = zy', we obtain the rank
polynomial (with suitable normalization) as a V-function.

10e Homeomorphic graphs  The operation of replacing an edge with
ends u.v by two edges with ends u. v and w.v. where u is a new vertex.
is known as subdividing the edge. Regarding a graph as a topological
space in the obvious way, it is clear that subdividing an edge results in
a graph homeomorphic to the original one. In general, two graphs are
homeomorphic if they can both be obtained from the same graph by
sequences of subdivisions. A graph function is said to be a topological
invariant if its values on homeomorphic graphs are equal. It can be
shown that a non-trivial V-function f is a topological invariant if and
only if f(K,)= -1.

10f Interaction models The formula obtained in Lemma 10.3 arises
naturally in theoretical physics. The vertices of the graph I' = (V, E)
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are ‘particles’, each of which which can have one of u attributes, so that
a ‘state’ of the system is a function w : V — [u]. Each pair of adjacent
vertices, corresponding to an edge e € E, has an interaction i,,(e) which
depends on the state w, and the ‘weight’ I(w) is the product of the
interactions i, (e). The partition function is the sum of all the weights:
Z(I) = Zl(w Z sz(e
w w€(u]Y e€E

The chromatic polynomial is the special case arising when i, is the
indicator function @ as in Definition 10.2: that is, 7,,(e) is 1 if the ends
of e have different attributes, and is 0 otherwise. In general, the value
of v and the function 7, determine an interaction model. An account of
the properties of such models was given by Biggs (1977b).

10g The Ising and Potts models Using the ‘interaction model’ termi-
nology, suppose i,(e) is a if the ends of e have the same attribute in the
state w, and 1 otherwise. For general u this is known as the Potts model,
and the special case u = 2 is known as the Ising model. The partition

function for the Potts model can be expanded as a rank function:

n—r n a-—1
Zpotts(I') = Z u S (a — 1)15I = u" R(T; —u——,a - 1).

SCET

10h A general form of the subgraph expansion  An interaction model
for which i,(e) takes only two values, one when the ends of e have
the same attribute and another when they have different attributes,
is said to be a resonant model. The expansions in terms of the rank
function described above can be generalized to any resonant model in
the following way. Let F' and G be resonant models for which the two
(distinct) values of i, (e) are fi, fo and g1, go respectively, and let f; =
vg, +6,1=0,1. Then Zr(I') can be expanded in terms of the values of
Zg on the suburaphs of I" as follows:

= 5Tl 3 (%)'5' Zc$8)

151
SCET u

uIVFI

10i Another expansion of the chromatic polynomial Nagle (1971) ob-
tained the following expansion:
— Z u|VF\VSl(1 . u—l)IEF\SINuS); u)’
SCET
where the function N has the following properties: (a) if I' has an isth-
mus, then N(I"; u) = 0; (b) N is a topological invariant.
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The multiplicative expansion

In this chapter and the next one we shall investigate expansions of the
chromatic polynomial which involve relatively few subgraphs in compar-
ison with the expansion of Chapter 10. The idea first appeared in the
work of Whitney (1932b), and it was developed independently by Tutte
(1967) and researchers in theoretical physics who described the method
as a ‘linked-cluster expansion’ (Baker 1971). The simple version given
here is based on a paper by the present author (Biggs 1973a). There are
other approaches which use more algebraic machinery; see Biggs (1978)
and 11le.

We begin with some definitions. Recall that if a connected graph I' is
separable then it has a certain number of cut-vertices, and the removal
of any cut-vertex disconnects the graph. A non-separable subgraph of T’
which is non-empty and maximal (considered as a subset of the edges)
is known as a block. Every edge is in just one block, and we may think
of I as a set of blocks ‘stuck together’ at the cut-vertices. In the case
of a disconnected graph we define the blocks to be the blocks of the
components. It is worth remarking that this means that isolated vertices
are disregarded, since every block must have at least one edge.

Let Y be a real-valued function defined for all graphs, and having the
following two properties.

Pl:  Y(I') =1if I" has no edges;
P2: Y(I') is the product of the numbers Y (B) taken over all blocks
B of I.
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Given such a Y. let X be the real-valued function defined by
X(T)= > Y(s)
SCET

An example of a function satisfying P1 and P2 is obtained by taking
Y(T) = 2" Dy where z and y are a given pair of real numbers, in
which case the corresponding X is (an evaluation of) the rank polyno-
mial of I The fact that this Y satisfies P2 is a consequence of the
equations

r([) =) _#(B). s(I)=)Y s(B),

where the sums are taken over the set of blocks B of I'.

Lemma 11.1 If the function Y satisfies P1 and P2, then the corre-
sponding function X satisfies the same properties.

Proof (P1)IfI has no edges then the sum occurring in the definition
of X contains only one term. Y (f), which is 1.

(P2) Suppose I has just two blocks I'y and I'p, with edge-sets F; and
E5. Then for any § C ET, the sets §; = SN E; and S, = SN E,, are
such that S = S, U S; and §; NSy = 0. Thus the blocks of (S) in I
are the blocks of (5)), regarded as a subgraph of I';, together with the
blocks of (S,) regarded as a subset of I';. By P2 we have

Y{(S)r =Y (S1)r Y(Sa)r,.

(This equation remains true if either or both of Sy, S; are empty, by
P1.) Consequently,

XC)= > YSr= > > Y(S)rY(S)r,

SCET S,CE, S2CE,
= > Y{Sur, ) Y(Sa)r, = X(T1)X(Ta).
5, CE, S>CE;
If I has b > 2 blocks we have a similar argument, taking I'; to be the
first b — 1 blocks. Hence the general result follows by induction. ]

We shall now transform the sum X (I') into a product, using exponen-
tial and logarithmic functions. We require also the fundainental identity
underlying the ‘principle of inclusion and exclusion’: that is

Y (-pft=o,
IcJ
provided that J is not the empty set.

Definition 11.2 Let (X,Y’) be a pair of functions as above, and sup-
pose that the values of X are positive. Then the logarithmic transform
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of the pair (X.Y) is the pair of functions ()?, }~’) defined by
X(0) = (=D S (=1)Sog X(S).  V(I') = exp X(T).
SCET
Proposition 11.3  Let I be a general graph. If I has no edges, or f
" s separable and has no isolated vertices, then X(I') = 0.

Proof If ET is empty then X(I') = 1. and consequently )?(I“) = 0.

Suppose that I' has no isolated vertices and is separable. Then either

it is disconnected or it is connected and has at least one cut-vertex. In

either case it can be expressed as the union of two subgraphs (E£;) and

(E;) with Ey and E5 non-empty and disjoint. For S C ET'. we have
X(S) = X{(51)X(S2).

where S| = SN E; and 5o = SN Ey, and so log X{5) = log X(5,) +
log X(S2). This justifies the following calculation.

(-DENX(T) = Y (-1)log X(S)
SCET

= 3 3 (-t log X(S)) + log X{(S,))

S1CE, S52CE>

= | > DFMog X(S) Y (-1

S1CE, S2CE,
+ Z (—1)'52|log X(S3) Z (__1)le!
S,CE, 5:CE,

Both E; and F5 are non-emnpty, so the fundamental inclusion—exclusion
identity stated above implies that the entire expression is zero, and we
have the result. 0O

Theorem 11.4 Let T’ be a non-separable graph, and let ()~(, ;’) be the
logarithmic transform of the pair (X,Y). Then X (') has a multiplicative
eTpansion

xmy= [T v,

SCET
in which Y is equal to 1 (and so may be ignored) for separable subgraphs
of .

Proof The fact that f’(S) = exp‘{'<5) = 1 for separable subgraphs
(S) follows from the previous lemma. since, by definition. a subgraph
has no isolated vertices.
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We shall prove that
log X(I') = > X(S)
SCET

from which the theorem follows by taking exponentials. Now, from the
definition of X,

D X(S)= D (=1 Y (-1)Flog X(R),
SCET SCET RCS

and (R) as a subgraph of (S) is identical with (R) as a subgraph of I'.
Writing Y = §'\ R the right-hand side becomes

Z Z 1)IRIHIY] )IRl]Og X(R)
RCET YCET\R
= Y log X(R) >  (-nl

RCET YCET\R
The inner sum is non-zero only when ET'\ R = @; that is, when R = ET.
Thus the expression reduces to log X (ET) = log X(I'), as required.
O

We now apply the general theory of the logarithmic transform to the
particular case of the chromatic polynomial. We take the function Y to
be

Yo (D) = (—1)!ETly =m0,

This satisfies P1 and P2 and, by Theorem 10.4, the corresponding X
function is
X (D) = VIO u).

Lemma 11.5 Let (Xy,Yy) denote the particular pair of functions
given above. Then, for a given graph I'; X, (I')and Y,(I') can be defined
for all sufficiently large integers u.

Proof In order to define X’u(F) satisfactorily we must ensure that
log X, (S) is defined for all subsets S C ET. Now if u is an integer
greater than the chromatic number of I', it is clear that C((S);u) is

positive and so the logarithm of X, (S) = u~!V{INC((S); u) is defined.
O

We can eliminate the logarithmic and exponential functions from the
general definition of Y, obtaining

H {X(5)}9  where €(S)=(-1)EMNSI,
SCET
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For the particular case ¥, we get
Vo) = J[ {w"VScs)u)p.
SCETl
which is valid for all sufficiently large positive integers u. The product

~

formula shows that Y, is a rational function in its domain of definition.

We shall find it convenient to deal separately with the )711 function
for a single edge, that is iL(Kg). It is easy work this out explicitly:
f’u(Kg) =1—u"l.

Proposition 11.6  For every non-separable graph A having more than
one edge there is a rational function q(A;u) such that the chromatic
polynomial of a graph I' has a multiplicative expansion

C(Tiau) = VT — u ) EN T g(A; w),

where the product s taken over all those non-separable subgraphs A of T
which have more than one edge.

Proof We have seen that. if (X,.Y)) is the pair defined by

Yo(D) = (~1)FTu= @ X, (1) = u VT w),
then Y, is defined for all subgraphs of I' provided u is a_sufficiently
large integer, and Y, (K32) = (1 —u™'). Setting q(A;u) = Y, (A) when
|[EA| > 1 and applying Theorem 11.4 we see that the identity holds for

an infinite set of values of u. Since both sides are holomorphic functions.
they are identical. 0

The functions q(I':u) can be found explicitly for certain standard
graphs. For example, for the cycle graph €', the only subgraph occuring
in the product is (), itself; hence

C(Cr:iu) =u™(1 —u"")"q(Cp:u).
By a result of Chapter 9, the left-hand side is (v — 1) + (=1)"(u — 1).
so that

(1"

(u - 1)n—1 )

This simple calculation highlights an apparent circularity which arises
if we propose to use the multiplicative expansion to calculate chromatic
polynomials. The difficulty is that the right-hand side of the multiplica-
tive expansion of C(I'; u) contains a term ¢(I'; u), and we have, as yet,
no way of finding ¢(I';u) without prior knowledge of C'(I":u). In the
next chapter it will be shown that this seemingly fundamental objection

q(Chu) =1+

can be surmounted by means of a few simple observations. We shall also
obtain a version of Proposition 11.6 in which the number of subgraphs
involved is reduced still further.
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Additional Results

11a The q function of a crossed cycle Let C? denote a graph con-
structed from the cycle graph C, by the addition of one edge joining
two distinct vertices which are not adjacent in C,,. Then

(_l)n—l
(u— 1)1+ (=)™

g(Ciu) = {q(Criu)} ' =1+

11b Theta graphs (Baker 1971) Let O, denote the graph consisting
of two vertices joined by three disjoint paths of length 7, s, and ¢. ©, ;;
has n =r + s+t — 1 vertices and 7 + s + t edges, and ¢(O7 s ¢;u) is

I—(1—w) (1 —u)f "= (1—u)™+ (2 —u)(l—u)"
(=G0 - (-0 = (-0

11c The multiplicative ezpansion of the rank polynomial 1f Y(T') =
"M y5(T) then X(T') = R(T; z,y), and the logarithmic transform applied
to the pair (X,Y) leads to a multiplicative expansion

R(T;z,y) = (1+2) E [ Y (A5 2,9),
where the product is over all non-separable subgraphs A of I which have
more than one edge (Tutte 1967).

11d Whitney’s theorem on counting subgraphs In Chapter 10 we ob-
tained a formula for the coefficients of the chromatic polynomial which
involved counting all the subgraphs. In this chapter we have shown
that, in theory, only the non-separable subgraphs are needed. Whitney
(1932b) obtained this result in a different way, by showing that there is a
general expression for the number of subgraphs of any particular type in
terms of the numbers of non-separable subgraphs. Specifically, let n,(T)
be the number of subgraphs of I' which have a given type ¢, where a
‘type’ is determined by the number of blocks of each isomorphism class.
Then there is a polynomial function ®;, independent of I"; with rational
coefficients and no constant term, such that

ne(T) = &4(ne (), n(T),... ),
where o, 7,... are the nonseparable types with not more edges than ¢.
For example, if A|| denotes the type with one block isomorphic to K3
and two blocks isomorphic to Ko we have

1 2
na| = 6na — Enlna - 27?,9 + §n, na,
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where 6 is the type of the theta graph ©; 5, and the other notation is
self-explanatory.

11le An algebraic framework In order to unify the theory of the mul-
tiplicative expansion and Whitney’s theorem described above, Biggs
(1977b, 1978) introduced the following algebraic framework. Define St,
the set of star types, to be the set of isomorphism classes of non-separable
graphs, and Gr, the set of graph types, to be the set of functions from St
to the non-negative integers, with finite support. Let X and Y respec-
tively be the vector spaces of real-valued functions defined on St and
Gr. When St is regarded as a subset of Gr in the obvious way, we have
a projection J : Y — X.

For a given graph I', of type g, define ¢, € Y by the rule that c,(t) is
the number of subgraphs of I' which are of type t. Then Jc, represents
the numbers of non-separable subgraphs of I'. Whitney’s theorem asserts
that there is an operator W : X — Y, such that

Wi(Jc,) =c, forall geGr.

In the papers quoted, it is proved that W = B~lU, where B is a
linear operator defined by a certain infinite matrix, and U : X — Y is
the ‘monomial’ mapping defined by

Ux)(t) = [ x(@)*.

ceSt

11f Ezpansions as linear functionals Denote the subspaces of X and
Y consisting of vectors with finite support by Xy and Y, respectively.
The real vector spaces Xy and Y admit scalar products defined in the
usual way:

(x1,%2) = Y x1(0)x2(0);  (y1,¥2) = ) yi(t)ya(t).

For any given m € Y, there is a linear functional M defined by M(y) =
(y,m). On vectors c, representing ‘real graphs’, M(cg) is, by definition
of the scalar product, a sum over subgraphs in which each subgraph of
type t contributes m(t). In the author’s papers quoted above it is shown
that under certain conditions there is a corresponding linear functional
L on Xg such that

exp L(Jcg) = M(cy) forall g€ Gr.
Explicitly, we have
L(x) = (x.1), where 1= J(B !)'m.
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11g The Hopf algebra framework  There is clearly a substantial amount
of algebraic structure underlying Whitney’s theorem and the multiplica-
tive expansion. Schmitt (1993) carries this idea to its logical conclusion
by introducing coalgebras and Hopf algebras. He shows that the algebra
of formal power series with rational coefficients over St can be given the
structure of a Hopf algebra, and that it is isomorphic to the dual of the
free module with rational coefficients over Gr. Whitney’s theorem is a
direct consequence of the isomorphism.
Another approach using Hopf algebras is discussed by Ray (1992).
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The induced subgraph expansion

In this chapter we shall modify the multiplicative expansion of the chro-
matic polynomial in such a way that the induced subgraphs are the
only ones occurring in the formula. This procedure has two advantages.
First. there are fewer induced subgraphs than subgraphs in general; and
secondly, the function which takes the place of the ¢ function (in the
notation of Proposition 11.6) turns out to be trivial for a wider class of
graphs.

The formal details of the transition to induced subgraphs are quite
straightforward. For any non-separable graph A define

Q(A;u) = [[ a(Aw),
where the product is over the set of spanning subgraphs A of A, that
is, those for which VA = V"A. It follows immediately that Q is a ratio-
nal function of u. For example, the cycle graph C, has just one non-
separable spanning subgraph, which is C), itself. Thus the definition of
Q gives
(=1~

Q(Cn;u) = Q(Cn,u) =1+ m_—l

Proposition 12.1  The chromatic polynomzal has a multiplicative ez-
pansion

C(Tiu) = u" M1 — ™) EI T QA ),
where the product is over all non-separable induced subgraphs of I having
more than one edge.
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Proof The factors which appear in Proposition 11.6 can be grouped
in such a way that each group contains those subgraphs of I' which have
a given vertex-set. This grouping of factors corresponds precisely to that
given in the definition of ) and the resulting expression for C, since each
subgraph A of I is a subgraph of exactly one induced subgraph A of T
(the one for which VA = VA), and conversely, each subgraph of A is a
subgraph of I'. m|

The crucial fact which makes the multiplicative expansion useful in
practice is that the ¢ and @ functions are rational functions of a special
kind. Specifically, it can be shown that
v(u)

6(u)’
where v and 6 are polynomials whose degrees satisfy
deg 6 —deg v > |VT| - 1.
The first satisfactory proof of this important fact was given by Tutte
(1967), using the notion of ‘tree mappings’. An algebraic proof was

given by Biggs (1978, see also 11e and 11f).
Given this result, we can prove the same thing for Q.

gl u) =1+

Proposition 12.2  LetI' be a non-separable graph. Then Q(T';u) may
be written in the form

v{u)

6(u)’

where v and 6 are polynomials such that deg 6 —deg v > |VT| -- 1,

Q(Iu) =1+

Proof The function @ is defined to be the product of functions g, over
a set of graphs with the same number of vertices. Thus the result for ¢
implies the result for Q. 0

We are now in a position to overcome the circularity mentioned at
the end of the previous chapter. It is possible, using Proposition 12.2,
to calculate both C(I';u) and Q(I'; u) provided only that we know the
Q@ functions for all proper induced subgraphs of I', that is, the induced
subgraphs not including I' itself. To see this we write the formula of
Proposition 12.1 as

C(Tu) = P(w)Q(T;u)

where P(u) is a product of rational functions corresponding to the proper
induced subgraphs, including the vertices (for each of which we have
factor u) and the edges (for each of which we have a factor 1 — u~?!).
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It follows that P(u) can be written as a polynomial of degree n = |V T

plus a power series in ul:

Plu) =u" +a;u™ !
But, following Proposition 12.2, the function Q(I';u) can be written
Q(Cu) =1+ Gou "+ Biu+ ..

It follows that multiplying P(u) by this expression does not alter the
coefficients of u™,u™~ 1, ... u? in P(u). Thus the polynomial part of
P(u) is a correct expression for C(I'; u), except for the coefficients of u
and 1. But these coefficients in C(I'; u) are easily found, by noting that
u(u — 1) is a factor of C(I'; u). It follows that both C(I';u) and Q(T;u)
are determined by the known function P(u).

An example will elucidate this argument. Take I' = Ky4; then the only
proper induced subgraphs of I' having more than one edge are the four
copies of K3 = C3. Thus

+...+an_1u+an+an+lu_l+... .

4 —1,\6 1 !
Oty = w1l =u) (1= ) Q(Kusu)
W2y — 2)4
- —(1%—3—)22)—Q(K4;u)-

Dividing (u — 1)? into u?(u — 2)* gives P(u) = u® — 6u3 + 11u2 — ...,
and so
C(Kg;u) =u* - 6u’ + 11u? — au + b.
Since u(u — 1) is a factor of C(Ky;u) it follows that a = 6, b = 0 and
C(Kygu) =u* —6u’ + 11u? — 6u = u(u — 1)(u — 2)(u — 3).

We can also find Q(K4;u) by substituting back, obtaining
; 2u — 3
Q(Kau)=1- Wl =25

The technique which we have just described has the important conse-
quence that we can calculate chromatic polynomials merely by counting
induced subgraphs, without knowing any €' and @ functions in advance.
In particular, it implies that the chromatic polynomial is reconstructible,
in the sense of 7f.

To make this explicit, suppose that A,.As,...,A; is a list of the iso-
morphism types of non-separable induced subgraphs of I', where K} =
A; and Ky = Ay are included, for the sake of uniformity, and I' = A;.
Then we define a matrix N = (n,,), by putting n,; equal to the number
of induced subgraphs of A, which are isomorphic with A;. We may sup-
pose that the list has been ordered in such a way that N is a triangular
matrix each of whose diagonal entries is +1.
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Proposition 12.3  The matriz N completely determines the chromatic
polynomial of .

Proof We know the C and ) functions for all the graphs with at
most three vertices. Now, suppose we know the C and Q) functions for
the induced subgraphs of I' with at most ¢ vertices; then we can find
the C and @ functions for each induced subgraph with ¢ 4+ 1 vertices,
by using the technique previously explained. Thus, using this procedure
recursively leads to the chromatic polynomial of T. 0O

For example, the following is a complete list of the non-separable
isomorphism types of induced subgraphs of the ladder graph L3. (The
graph itself occurs as Ag in Figure 6.)

* M A D A A
As A, A, A, A

A

Figure 6: the induced subgraphs of Lg.

The N matrix for T is:

-1 ,
2 1

J 3 3 1
4 4 0 1
5 6 1 1 1
L6 9 2 3 6 1

To see how the method works, suppose that we have completed the
calculations for subgraphs with at most four vertices. The C and Q
functions for these graphs are as follows.

AQ A3 A4
C: ulu-1  uwu-1)(u-2) u(u — 1)(u? — 3u + 3)

Q: (u-1D/u uu-2)/(u-12? uu?®-3u+3)/(u-1)>
The remainder of the calculation now proceeds in the following way. We

have C(As;u) = Ps(u)Q(As;u), where

=2 (2] (58) (525)
=u(u - 1)(u — 2)(u? — 3u+ 3).
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Here (atypically) Ps(u) is a polynomial divisible by u(u — 1), and so
C(As;u) =u(u — 1)(u — 2)(u® ~ 3u+3) and Q(As;u) =1.
At the next stage, we have C(Ag;u) = Ps(u)Q(Ag; u), where
9 2 2 3
_oefu—1 u(u — 2) u(u® — 3u+3) 6
Fol) = ( u ) ((u— 1)? (u—~1)3 W

=ub — 9u® + 34u? — 67ud +67u% — .. ..

Here Ps(u) is not a polynomial. Extending the terms in u? and above
to a polynonial divisible by u(u — 1) we get C(T"; u) = u® — 9u® + 34u* —
67u + 67u® — 26u.

One noteworthy feature of the preceding calculation is that Q(As;u) =
1, although As is a non-separable graph. This means that we could
have ignored As completely, both in setting up the matrix N and in
the subsequent calculations. The next proposition shows that there is a
large class of non-separable graphs I' for which Q(T";u) = 1.

Proposition 12.4 (Baker 1971) If the graph T" is quasi-separable, in
the sense of Definition 9.8, then Q(I';u) = 1.

Proof We prove this result by induction on the number of vertices
of I'. The result is true for all quasi-separable graphs with at most
four vertices. For this set contains only one graph (the graph shown in
Fig.3, p. 67) which is not in fact separable, and the claim can be readily
checked for that graph.

Suppose that the result is true for all quasi-separable graphs with at
most L vertices, and let I' be a quasi-separable graph with L+ 1 vertices.
We have a quasi-separation (V,V,) of I', where (V3 N V,) is complete
and (VI — (V; NV3)) is disconnected. The expansion of Proposition 12.1
can be written in the form

C(Tu) = P(w)Q(T'; u),

where P(u) is a product of factors corresponding to the proper non-
separable induced subgraphs of I'. If U is any proper subset of VI
for which U € V; and U € V,, then (U) is a quasi-separable graph,
with quasi-separation (V; NU), (Vo N U). By the induction hypothesis,
QUU)u) = 1.

Thus the non-trivial terms in the product P(u) correspond to the
subsets of V; and the subsets of V5. However, a subset of V|, NV, occurs
just once, rather than twice. It follows that
C((V1);u) C((V2); u)

Plu) = C((Vi NVa); w)
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Since Proposition 9.9 tells us that C'(T'; 1) is also equal to this expression,
it follows that Q(I'; u) = 1, and the induction step is verified. O

We observe that the graph As, in the example preceding the propo-
sition, is in fact quasi-separable, and so the fact that Q(As;u) = 1 is
explained.

The tollowing theorem is the culmination of the theory developed in
Chapters 10-12.

Theorem 12.5 The chromatic polynomial of a graph is determined
by its proper induced subgraphs which are not quasi-separable.

Proof This theorem follows from Propositions 12.1 and 12.4. O

We close this chapter with a brief explanation of how the theory can be
used to study the ‘chromatic polynomial’ of an infinite graph. Suppose
V¥ is an infinite graph which can be regarded in some way as the limit of
a sequence of finite graphs ¥,, with |V, | = v, say. The appropriate
definition of the ‘chromatic polynomial’ of ¥ is

Coo(¥5u) = lim {C(¥n;u)}/*,

provided the limit exists for a suitable range of values of u. In theoreti-
cal physics this iséknown as taking the thermodynamic limit, and some
existence results have been proved for ‘interaction models’, as defined in
10f. Grimmett (1978) obtained strong results for the rank polynomial,
but for our present purposes, blind faith and ignorance will suffice.

If ¥,, has reasonable regularity properties, then the number of induced
subgraphs of a given type in ¥, is av,, where « is a constant represent-
ing the density, that is the number of induced subgraphs of that type
per vertex. For example, if ¥, is regular of degree k, the number of
edges is (k/2)vn, and so the density of edges is k/2. If we now take the
(1/v,)th root of the multiplicative Q-formula for C(¥,; u) we get a term
u (corresponding to the vertices), a term (1 — u~1)*/2 (corresponding to
the edges), and in general a term Q(A;u)® for each induced subgraph
A of density a. This leads to a definition of the ‘chromatic polynomial’
which does not depend on the approximating sequence ¥,. Unfortu-
nately, nothing is known about the convergence of the infinite product,
although it is clear that the smallest induced subgraphs, which are the
easiest to count, contribute the largest terms.

A good illustration is provided by the infinite plane square lattice
graph. Here the only induced subgraphs which are not quasi-separable
and have not more than eight vertices are: the vertices, edges, C4’s
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and Cs’s, with densities 1,2, 1 and 1 respectively. Tt follows that an
approximation to C'y in this case is

1 1 1
u(l —u )2(1+@—t—1_)3) (1—*_(&——1)?)

The correct value when u = 3 is known to be (4/3)3/2 = 1.540... (Lieb
1967), whereas the approximation gives 1.512.... For larger values of u
it seems likely that the approximation is better, but no general results
are known. (See also 12f.)

Additional Results

12a The Q function for complete graphs We have
QUKniu)= [ -9,

0<i<n-1

where n(i) = (=)~ 171 ("71).

12b The Q functions for all graphs with less than six vertices The only
graphs with less than five vertices which are not quasi-separable are K,
K3. K4, and C4, and we have already found @ for all these. Writing
Q(I';u) = 1 + r(I'; v), the r functions are as follows:

r(Koju)= 1/u
r(Kgu) = —1/(u—1)
r(Kgu) = —(2u—3)/u(u—2)?

r(Cqu) = 1/(u—-1)>3.

The relevant graphs with five vertices are: K5, W5, W, (the wheel with
one ‘spoke’ removed), K7 3 and Cs. The r functions are:
)= —(6u? — 48u® + 140u® — 176u + 81)/(u — 1)*(u — 3)*
)= (Bu?—9u+7)/u(u—2)3(u? - 3u +3)
r(Wysu) = (2u? —6u+5)/u(u — 2)(u? — 3u + 3)?
) (ud — 6u? + 11u — 7)/u(u® — 3u + 3)°
)= —1/(u-1)%

12c Petersen’s graph  The only non-quasi-separable induced subgraphs
of Petersen's graph O3 have 2,5,6,7,8,9, 10 vertices, and there is one
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isomorphism class in each case. The N matrix is

r 1 .
5
6 1

8 1

10 2 4 1
12 4 9 3 1
(15 12 10 30 15 10 1
Using the method described on pp. 92-93 this gives the chromatic poly-

nomial of O3:
w(u—1)(u—2)(u” —12u® + 67u5 — 230u? + 529u> — 814u® + 775u — 352).

1

DN O

12d The first non-trivial coeffictent in q and @ If I' is non-separable
and has n vertices and m edges, then the coefficient of v~(*~1 in the
expression for ¢(I'; u) in descending powers of u is equal to (—1)™. The
corresponding coefficient in Q(I';u) is therefore S"(—1)1EAl where the
summation is over all non-separable spanning subgraphs A of I' (Tutte
1967).

>
12e Chromatic powers Let o.,(I') denote the sum of the mth powers
of the zeros of C(I';u). Suppose that

log Q(Asu) = -

Mo
. O
S

j=1
where the expansion is valid for |u| sufficiently large. If n(I'; A) denotes
the number of induced subgraphs of I' which are isomorphic with A, we
have
om (L) = Zn([; A)en (A),
where the sum is taken over isomorphism classes of non-quasi-separable
graphs (Tutte 1967).

12f Approrimations for the infinite square lattice There have been
many attempts to determine the ‘chromatic polynomial’ Cs(u) of the
infinite square lattice. Biggs and Meredith (1976) obtained the estimate

1
—(u -3+ Vu? —2u+5).

2
Using the ‘transfer matrix’ method, Biggs (1977a) obtained the bounds

2-3u+3 1
i ul gCoo(u)Sg(u-—2+\/u2——4u+8).
u —
Kim and Enting (1979) obtained a series approximation in terms of
x =1/(u —1): apart from a simple factor it is
1423 + 27 + 328 + 42° + 32'° + 32" + 1122 + 24213 + 821

—91z'% — 2612!% — 290217 + 254218 4 ... .
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The Tutte polynomial

There is a remarkable relationship between the rank polynomial and the
spanning trees of a graph. In this chapter we shall develop this theory
by giving an explicit definition of what is known as the Tutte polynomial
T(T';z,y) of a graph I' in terms of its spanning trees, and then proving
an identity between the Tutte polynomial and the rank polynomial.

An alternative approach to the Tutte polynomial is to define it recur-
sively by the deletion—contraction property,

T(;z,y) = T(C'9;z,y) + T(Lo); 2, ),

where e is neither a loop nor an isthmus. This rule, together with a
‘boundary condition’ (see 13c), does in fact define T" completely. How-
ever, it is not immediately obvious that the method leads to a result
which is independent of the order in which edges are deleted and con-
tracted, and it provides no insight into the remarkable properties of T.
For these reasons we shall follow the constructive route given below.

The definition of the rank polynomial depends upon the assignment
of the ordered pair (rank, co-rank) of non-negative integers to each sub-
graph; we shall call such an assignment a bigrading of the set of sub-
graphs. If T" is connected, the set of subgraphs whose bigrading is
(r(T'),0) is just the set of spanning trees of I'. We shall introduce a
new bigrading of subgraphs which has the property that, if it is given
only for the spanning trees of I', then the entire rank polynomial of T’
is determined. Our procedure is based initially upon an ordering of the
edge-set ET', although a consequence of our main result is the fact that
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this arbitrary ordering is essentially irrelevant. Another consequence of

the main result is an expansion of the chromatic polynomial in terms of
spanning trees; this will be the subject of Chapter 14.

We now fix some hypotheses and conventions which will remain in
force throughout this chapter. The graph I' is a connected general graph,
and ET has a fixed total ordering denoted by <. If X C ET we shall
use the symbol X (rather than (X)) to denote the corresponding edge-
subgraph of T', and the singleton sets {z} C ET will be denoted by x
instead of {z}. The rank of I' will be denoted by r¢; thus ro = 7(I') =
\VI| — 1.

If X C ET and z € ET \ X, then the rank of X Uz is either r(X)
or r(X) + 1, and in the latter case we s;ay that z is independent of X.
Now if r(X) # rg, there will certainly be some edges of I' which are
independent of X, and we shall denote the first of these (in the ordering
<) by A(X). We note that, since

r(Y)+s(Y)=1Y| forall Y CET,
we have the equations
r(XUAMX))=r(X)+1, s(XUAX))=s(X).
Similarly, if s(X) # 0 then there are some edges = for which s(X \ z) =
s(X) — 1, and we denote the first of these by ©(X). We have
r(X \u(X)) =r(X), s(X\p(X))=s(X)-1
Definition 13.1 The A operator on subsets of ET assigns to each
set X C ET the set X* derived from X by successively adjoining the
edges AM(X), A(X U A(X)),..., until no further increase in the rank is
possible. The p operator takes X to the set X*, which is derived from
X by successively removing the edges p(X), u(X \ u(X)),..., until no
further decrease in the co-rank is possible.
We notice the following properties of the A and p operators:
XC XY r(XM)=ry s(X*)=s(X).
Xt CX, r(X*)=r(X), s(X*)=0.
We shall exploit the obvious similarity between the two operators by
giving proofs only for one of them. The first lemma says that the edges

which must be added to a subgraph A to form A* can be added in any
order. (In what follows the notation x < y will mean z < y and z # y.)

Lemma 13.2 If AC B C A, then B* = A
Proof If A = A*, the result is trivial. Suppose
AN\ A=X = {z1,29,...,3:},
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where £] < 2 < ... < xp.and let B=AUY whereY C X. If Y — X
then B = A* and B* = A* = A If Y # X, let 7, be the first edge
in X \'Y. Then, if an edge z is independent of B, it follows that x
is independent of AU {xy,...,%4-1} (which is contained in B), and so
z, < x, since z, is the first edge independent of

AU{.’L‘l,...,fEa_l}.

But z, itself is certainly independent of B, since when we add the edges
in X to A, the rank must increase by exactly one at each step. Thus
ro = A(B), and by successively repeating the argument with B’ = B U
AB),B"” = B"UA(B’), ..., we have the result. O

Lemma 13.3 If A C B and r(B) # 19, then A(B) € A*.

Precof Since r(B) # rg, there is a first edge A(B) independent of B,
and consequently independent of A. Suppose A(B) is not in A*. Then
each edge x in A*\ A must satisfy z < A(B), and so r is not independent
of B, also, since A C B, no edge in A is independent of B. Thus all
edges in A* are not independent of B, and r(B) = r(A*) = ry. This is
a contradiction, so our hypothesis was false and A\(B) is in A*. O

We note the analogous properties of the u operator:
AFCBCA = B*Y=A", BCA and s(B)#0 = u(B)¢ A"

The next definition introduces a new bigrading of the subsets of ET.

Definition 13.4 Let X be a subset of ET". Anedge e in ET'\ X is said
to be externally active with respect to X if u(X Ue) = e. An edge f in
X is said to be internally active with respect to X if A(X'\ f) = f. The
number of edges which are externally (internally) active with respect to
X is called the external (internal) activity of X.

We shall denote the sets of edges which are externally and internally
active with respect to X by X°¢ and X* respectively, and use the notation

Xt=XuX, X =X\X-
These concepts are motivated by their interpretation in the case of a

spanning tree, because in that case they are related to the systems of
basic cycles and cuts which were discussed in Chapter 5.

Proposition 13.5 For any spanning tree T of I' we have:

(1) the edge e is externally actwe with respect to T if and only if e is the
first edge (in the ordering <) of cyc(T,e);

(2) the edge f is internally actwe with respect to T if and only if f is the
first edge (in the ordering <) of cut(T, f).
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Proof By definition, e is externally active if and only if e is the first
edge whose removal decreases the co-rank of T U e. But T U e contains
just one cycle, which is cyc(T, €), and any edge whose removal decreases
the co-rank must belong to this cycle.

The second part is proved by a parallel argument. 0O

Definition 13.6 The Tutte polynomial of a connected graph I', with
respect to an ordering < of ET, is defined as follows. Suppose t;; is the
number of spanning trees of I' whose internal sactivity is i and whose
external activity is j. Then the Tutte polynomial is

T, <;z,y) Z AT
Remarkably, it will turn out that 7T is independent of the chosen ordering.

In order to obtain the main result we shall investigate the relation-
ship between the concepts just defined and the following diagram of

operators.
A 2 B
i l#
c 5 D

Here A denotes all subsets of ET', B denotes subsets Z with r(Z) = ro,
C denotes subsets W with s(W) = 0, and D denotes subsets T with
r(T) = rg and s(T') = 0 (that is, spanning trees). It is worth remarking
that the diagram is commutative, although we shall not need this result
(see 13g).

Proposition 13.7 Let X be any subset in the image of the A operator,
so that 7(X) = rg and X» = X. Then
X=Y'e= X" CYCX.

Proof Suppose X = Y* ThenY CY*=X,s0Y C X. If f is an
edge of X, then certainly f isin X = Y*. If f were in Y*\Y, then by
Lemma 13.2, A(Y*\ f) = f; but this means that f is internally active
with respect to X = Y*, contradicting f € X~. Thus f is in Y, and
X~ CY.

Suppose X~ C Y C X. If X =Y, then we have X = X* = Y\
Now if f € X \ Y, then f is internally active with respect to X and so
MX\f)=f. FromY C X\ f we have (by Lemma 13.3) A\(X \ f) € Y*,
that is, f € Y. Since this is true for all f in X \ Y, it follows that
X\Y C Y? and consequently X C Y*. Finally, from Definition 13.1
and Y C X C Y we deduce that X* = Y*, that is X = Y. 0
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We note the analogous result: if X is in the image of the u operator,
then

X=Y!e= XCYCXT".

Proposition 13.8 Let T be a spanning tree (that is, T € D), and
suppose W € C is such that W> = T. Then W¢ = T¢,

Proof Suppose that the edge e is externally active with respect to
T. We shall show that the whole of cyc(T,e) belongs to W, whence it
follows that e is externally active with respect to W. If there is an edge
f # e in cyc(T,e) which is not in W, then, since (by Proposition 13.7)
we have T~ C W C T, f must be internally active with respect to 7.
Now f € cyc(T,e) implies that e € cut(T, f), and the internally active
property of f means that f < e. This contradicts the externally active
property of e. Hence cyc(T,e) C W, and e is externally active with
respect to W.

Conversely, if e is externally active with respect to W it follows imn-
mediately that e is externally active with respect to T'. 0

We now set up the main theorem, using the portion A - C 2D
of the operator diagram. Define

ﬁz] - '{X €A ' T(X) = To “i’ S(X) :j}'!

my = {W eC|r(W)=ro—1, W =j},

ty =T € DT =1, |T*| = j}.
Of course, the last line merely repeats Definition 13.6. We have three
corresponding two-variable polynomials.

R(T;z,y) Zpu-’ry, Fs;z,y)=2mﬂ’y3,
T(I"S;Iay = Ztuxiyjs
where the modified rank polynomial R is related to the usual one (Defi-

nition 10.1) by E(F; z,y) =z Rz y).

Theorem 13.9 Let T' be a connected graph with n vertices and let <
be any ordering of ET'. Then the Tutte polynomial is related to the rank
polynomial as follows:

T, <;z+1L,y+1) = R(T;z,y) = "~ 'R(I; 271 ).

Proof We shall use the intermediate polynomial P defined above, and
prove the equalities

T, <;z+1,y+1)=PI, <z, y+1) = (l":z:y)

which are equivalent to the following relationships among the coefhi-
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For the first identity, consider A : C — D. By Proposition 13.7, if T is

in D, then
T=W?» ifandonlyif T-CWCT.

Also, by Proposition 13.8, the external activities of 7' and W are the
same. Consequently, for each one of the ¢;; spanning trees T with | X*| =
k and |X¢| = j there are (’:) subgraphs W in C with r(W) = rg — 7 and
|W€| = j. These subgraphs are obtained by removing from T any set of
t edges contained in the k internally active edges of T". This proves the
first identity.

For the second identity, we consider x : A — C. By the analogue of
Proposition 13.7 for p, if X is in C, then

X=Y* ifandonlyif XCYCXT.

Consequently, for each one of the m,; subgraphs X in C with r(X) =
ro — ¢ and | X¢| = [, there are (;) subgraphs Y with (Y') = rg — ¢ and
s(Y) = j. These subgraphs are obtained by adding to X any set of j
edges contained in the [ externally active edges of X. This proves the
second identity. 0

Corollary 13.10  The Tutte polynomial of a connected graph I' is
independent of the ordering used in its definition.

Proof This statement follows from Theorem 13.9 and the fact that
the rank polynomial is independent of the ordering. O

The original proof of Theorem 13.9 by Tutte (1954) was inductive; the
proof given above is a simplification of the first constructive proof by
Crapo (1969). In the light of the Corollary we can write T(['; z,y) for
the Tutte polynomial of I'. It should be noted that, although each
coefficient ¢,; is independent of the ordering, the corresponding set of
spanning trees (having internal activity i and external activity j) does
depend on the ordering.

Additional Results

13a Tutte polynomials of cycles By listing the spanning trees of Cy,
and calculating their internal and external activities we obtain

TCriz,y)=y+z+2>+...+2" L
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0 36 8 75 35 9 1 ]
36 168 171 65 10

120 240 105 15

180 170 30

170 70

114 12

56

21
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13¢c The deletion—contraction property  The following two properties
completely define the Tutte polynomial for connected graphs.

(1) If e is an edge of the connected graph I' which is neither a loop
nor an isthmus, then T(I'; z,y) = T(I'®); z, ) + Ty z,y).

(2) If A,, is formed from a tree with ¢ edges by adding j loops,
T(A,z,y) = 'yl

13d Recursive families (Biggs, Damerell and Sands 1972) Using the
deletion—contraction property we can obtain a second-order recurrence
for the Tutte polynomials of the cycle graphs:

T(Crtoiz,y) — (¢ + )T(Crgriz,y) + 2T(Crix,y) = 0.
Generally, a family {I';} of graphs is said to be a recursive family if there
is a linear recurrence of the form

T(Ciypzy) +ai T pp-viz,y) + ... +a,T (I z,y) =0,

where the coefficients a,,...,a, are polynomial functions of (z,y), and
are independent of [. Thus the cycle graphs form a recursive family
with p = 2. The families {Lp}, {M)} of ladders and Mobius ladders
are recursive families with p = 6; they have the same recurrence. whose
auxiliary equation is
t—1)t—2)(t?—(z+y+Dt+ay)(t* - (@> +z+y+ Dt +2%) =0.
From this we can deduce the tree-numbers and the chromatic polyno-
mials for these graphs. (See also 9c.)

13e Tutte polynomials of complete graphs Let 7(z.y.a) and p(y, @)
be the exponential generating functions for the polynomials T(A',: . y)
and y(;)(y — 1)~ respectively. Then

_plya)= e
r(2,y,0) = -

r—1
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13f inversions of trees A labelled tree on n vertices is a spanning tree
A of K, with the vertex-set {1,2,...,n}. Let inv(A) denote the number
of edges {i,j} of A for which ¢ < j and j is on the path in A from 1 to

1. Then we have
Kn; 1 y) Z ymv(A)

where the sum is over all labelled trees on n vertices.

13g The commutative diagram If X C ET, define
T=X*U(X"\X)=X"\(X\X*").
Then X* =T = X** (Crapo 1969).

13h Counting forests If we write T(I'; 1,1 +t) = X@;t’, then ¢; is
the number of forests in I which have |VI'| — i — 1 edges. It follows
that T'(I'; 1,2) is the total number of forests in I', and T(T';1,1) is the
tree-number of I'.

13i Planar graphs If I' and I'* are dual planar graphs, then there is
a bijective correspondence between their spanning trees which switches
internal and external activity. It follows that ¢,; = ¢}, and

Tl z,y) =Ty, ).

13j The medial graph  Let I' be a connected graph which is embed-
ded in the plane. For each e € E(I') choose an interior point m(e)
on e. The medial graph M(I') associated with the given embedding of
I' has vertex-set {m(e) | e € E(I')} and edge-sei defined as follows.
For each face of the embedded graph I' there is a cycle with edges

e1,€e2,...,€e, bounding that face; we create a corresponding sequence
p1, B2, ..., px of edges of M(I') which (i) forms a cycle in M(I') with
vertices m(ey), m(ez),...,m(ex) and (ii) is topologically identical with

the original cycle. M(T') is a 4-regular graph and as such it has at least
one Eulerian partition; that is, a partition of its edge-set into cycles with-
out repeated edges. Let fi denote the number of Eulerian partitions of
M(G) into k cycles such that, at any any vertex of M(G), the two cy-
cles passing through that vertex do not cross, in the obvious topological
sense. Las Vergnas (1978) proved that

T(Tiz,z) = Y fesr(z — 1)k

k>0
See also Jaeger (1988) and Las Vergnas (1988).
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13k Tutte polynomials for knots and links (Thistlethwaite 1987) A
knot or link L is usually represented by a diagram in the plane; the
diagram is said to be alternating if the ‘crossings’ are alternately over and
under as we traverse each component. Associated with an alternating
diagram is a graph D such that the Jones polynomial of L is given by

Vi) = (=) " T(Dp; —t, —t7"),
where K is a number depending on L.
This relationship leads to a simple proof of a conjecture made by Tait

in the 19th century: the number of crossings in any alternating diagram
of a given link is invariant, provided there are no ‘nugatory’ crossings.

131 Intractability of calculating the Tutte polynomial A counting prob-
lem is said to be # P-hard if it has a certain technical property which,
it is believed, is equivalent to computational intractability. Jaeger, Ver-
tigan and Welsh (1990) showed that computing T(T'; z,y) is # P-hard,
except for a few points and curves in the complex (z,y)-plane. In par-
ticular, computing the Jones polynomial (13k) of an alternating link is
# P-hard.
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Chromatic polynomials and spanning trees

In this chapter we shall study the relationship between the Tutte poly-
nomial and the chromatic polynomial of a connected graph. The main
result is as follows.

Theorem 14.1 Let I' be a connected gmph with n vertices. Then

C(lu)=(-1)" uthol—u

where t,g is the number of spanning trees of I' which have internal activity
¢ and external activity zero (with respect to any fized ordering of ET).

Proof We have only to invoke some identities derived in earlier chap-
ters. The chromatic polynomial is related to the rank polynomial as in
Corollary 10.5, and the rank polynomial is related to the Tutte polyno-
mial as in Theorem 13.9. Thus we have

C(I'yu) = u"R(T; —y 1 -1)

= u"(—u Y R(T; —u, —1)
= (=1)""'uT([;1 - w,0).
The result follows from the definition of the Tutte polynomial. O

This theorem indicates a purely algebraic way of calculating chro-
matic polynomials. If we are given the incidence matrix of a graph T,
then the basic cycles and cuts associated with each spanning tree T of
I' can be found by matrix operations, as explained in Chapter 5. From
this information we can compute the internal and external activities of
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T, using the results o 3. m
for hand calculation, but it is well-adapted to automatic computation in
view of the availability of sophisticated programs for carrying out ma-
trix algebra. Furthermore, it is demonstrably better than the deletion-
contraction method (see 14h).

Theorem 14.1 also has theoretical implications for the study of chro-
matic polynomials, and the remainder of this chapter is devoted to some
of these consequences. First, we observe that if the chromatic polyno-
mial is expressed in the ‘reduced form’

n-—2
C(lu) = tw(w —1) Z a,w' where w=1-u,
=0
then the coefficients a, are all non-negative. In fact a, is the number
tiv10. It is convenient to use the reduced form to record chromatic
polynomials, because the coefficients have fixed sign and are relatively
small.

Proposition 14.2  Let I' be a connected graph, and let (t,;) denote
the matrix of coefficients of its Tutte polynomial. Then
tio = to1. .

Proof Suppose that the ordering of ET' = {ej,€2,...,€e,} is the nat-
ural order of the subscripts. If T is a spanning tree with internal activity
1 and external activity 0, then e; must be an edge of T, otherwise it
would be externally active. Further, es is not an edge of T, otherwise
both e, and e; would be internally active. Also e; is in cyc(T, e;), oth-
erwise e; would be externally active. Consequently T, = (T'\ e))Ues is
a spanning tree, with internal activity 0 and external activity 1.

Reversing the argument shows that T — T, is a bijection, and hence
tio (the number of spanning trees T with |T*| = 1 and |T¢| = 0) is equal
to to; (the number of spanning trees T, with |T!| =0 and |T¢| = 1).

O

The number t,q has appeared in the work of several authors, for exam-
ple Crapo (1967) and Essam (1971). We note that it is the coefficient
ap in the reduced form of the chromatic polynomial. It is sufficiently
important to warrant a name.

Definition 14.3 The chromatic invariant 8(I') of a connected graph
I' is the number of spanning trees of I' which have internal activity 1
and external activity 0.
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Theorem 14.1 provides another interpretation of 8(I') in terms of the
chromatic polynomial of I'. Let C’ denote the derivative of C; then a
simple calculation shows that

C'(I1) = (=1)"tio = (-1)"6(T).
When I is non-separable it has at least one spanning tree with internal
activity 1 and external activity 0 (14b). Thus, for a non-separable graph

with an even number of vertices C' is increasing at its zero u = 1, whereas
if the graph has an odd number of vertices it is decreasing.

The link with the chromatic polynomial can also be used to justify
the use of the name ‘invariant’ for 6(I'). Recall that two graphs are said
to be homeomorphic if they can both be obtained from the same graph
by inserting extra vertices of degree two in its edges.

Proposition 14.4 IfI') and I'y; are homeomorphic connected graphs
with at least two edges, then

0(L1) = 0(T'2).

Proof Let I' be a graph which has at least three edges, and a vertex
of degree two. Let e and f be the edges incident with this vertex. The
deletion of either e or f, say e, results in a graph I'®) in which the
edge f is attached at a cut-vertex to a graph I'y with at least one edge.
Hence C(I'®); u) is of the form (u—1)C(I'g; 1), where C(I'g; 1) = 0. The
contraction of e in I' results in a graph homeomorphic with I"'. We have
C(T;u) = C(T'®5u) = C(T'(e); u)

= (u — 1)C(Lo;u) — C(T'(e); u),
and, on differentiating and putting v = 1, we find

C/(F; 1) = —C,(F(e); 1)
Since I" has one more vertex than I'.), it follows that

O(I') = 6( ().

Now, if two graphs are homeomorphic, then they are related to some

graph by a sequence of operations like that by which I'(.) was obtained
from I'; hence we have the result. O

It is worth remarking that both the proof and the result fail in the case
where one of the graphs is K»; we have §(K3) = 1, whereas any path
graph P, (n > 3) is homeomorphic with K5 but §(F,) = 0.

We end this chapter with an application of Theorem 14.1 to the uni-
modal conjecture of Read (1968). This is the conjecture that if

CTiu)=u"—cu" '+ ...+ (=1)""tepo1u,
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then, for some number Af in the range 1 < Al < n — 1, we have
c1<cp <. .S 2 M1 20 2 Comt

There is strong numerical evidence to support this conjecture, but a
proof seems surprisingly elusive. The following partial result was ob-
tained by Heron (1972).

Proposition 14.5  Using the above notation for the chromatic poly-
nomial of a connected graph I' with n vertices, we have

1
c,..1<¢  forall i< é—(n—l).

Proof The result of Theorem 14.1 leads to the following expression
for the coefficients of tha chromatic polynomial:

1 1
n—1-1 n—1-1
i = tn__ . - tn_1- . .
=3 co(n g = ()

Now if i < I(n ~ 1), then i =1 < 3(n— 1 —1) for all { > 0. Hence, by
the unimodal property of the binomial coefficients, we have

n—1-1 n—1-1 1
> fi < —(n — > 0.
( i >_<i—1—l) or 1,__2(77, 1), >0

Thus, since each number ¢,_;_;0 is a non-negative integer, it follows
that ¢; > ¢, for 1 < %(n — 1), as required.

-

Additional Results

14a A product formula for 8 If ' has a quasi-separation (V}, V3) with
ViNV,a| =t then

O(r) = (t = 1)!6((V1)8((V2)).

This formula is particularly useful when ¢t = 2.

14b Graphs with a given value of 6 A connected graph T is separable
if and only if 6(I') = 0. It is a series-parallel graph if and only if
6(T') < 1 (Brylawski 1971). One graph with § = 2 is K4. and it follows
from Brylawski's result on series—parallel graphs that if I' contains a
subgraph homeomorphic to A4 then (') > 2. In order to show that
all values of 8 can occur we need only remark that for the wheel W,, we
have §(W,) = n — 2. Using the product formula 14a we can construct
infinitely many graphs with any given value of 8, by gluing any edge of
any series-parallel graph to any edge of the appropriate wheel.
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14c The chromatic invariants of dual graphs let I' and T he dual
planar connected graphs. Then

(') = 6(1'").
For instance,

0(Q3) = 0(K222) = 11; 6(Icosahedron) = §(Dodecahedron) = 4412,

14d Some explicit formulae For the complete graphs K, the ladders
Ly, and the Mobius ladders My, we have

0(K,)=(n—2)! (n > 2),

O(Ly)=2"-h—-1 (h>3),
O(M),) = 2" — h (h > 2).

14e The flow polynomial Let C*(T";u) denote the number of nowhere-
zero u-flows (see 4k) on a connected graph I' with n vertices and m
edges. Then
C*(T;u) = (-1)"R(; -1, —u) = (=)™ "'T(I;0,1 — u).

If I is planar and I'* is its dual, then (Tutte 1954):

C(I;u) =uC*(I'; u).
Thus the problem of finding the flow polynomial of a planar graph is
equivalent to finding the chromatic polynomial of its dual. For example,
the flow polynomial of a ladder graph can be derived from the chromatic
polynomial of its dual, a double pyramid (9a).

The general relationship between the flow polynomial of a graph and
an ‘interaction model’ is discussed in Biggs (1977b, Chapter 3).

14f The flow polynomials of K33 and O3.  From the rank matrix of
K33 (Chapter 10) and the Tutte matrix of O3 (13b) we can obtain the
flow polynomials for these (non-planar) graphs:

C*(K3z;u) = (u— 1)(u — 2)(u® - 6u + 10);
C*(O3;u) = (u—1)(u = 2)(v — 3)(u — 4)(u? — 5u + 10).

In both cases there is no graph whose chromatic polynomial is uC*.

14g Ezxpansions of the flow polynomial Jaeger (1991) obtained an ex-
pansion of the flow polynomial of a graph I' of degree 3 imbedded in
the plane. Define an even subgraph to be a subgraph (C) in which ev-
ery vertex has even degree. Since I' has degree 3 this means that every
component of (C) is a cycle, and so each component can be oriented in
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one of two ways. Associated with every oriented even subgraph (C) s a
weight w(("), such that
C*(Ti(u+ut)?) = Z w(C)u?',
=
where p(C') is a ‘rotation number’ depending on the relative orientation
of the cycles of {(C') with respect to the plane in which I' is embedded.

14h The superiority of the matriz method It follows from the result of
Jaeger, Vertigan and Welsh (131) that computing the chromatic polyno-
mial is, in general. # P-hard. However. there is some interest in compar-
ing methods of computation, even though they are all ‘bad’ in theoretical
terms.

The matrix method (call it Method A), described in our comments on
Theorem 14.1, has been used only rarely (Biggs 1973b). However. An-
thony (1990) showed that it is more efficient than the method of deletion
and contraction (Method B). even when that method incorporates rules
for curtailing the computation. Specifically. the worst-case running time
of Method A for a graph with n vertices and m edges is of the order of
(n’fl)an. If T4(n) and Tg(n) denote the worst-case running times of
the respective methods for any sequence of graphs such that I';, has n
vertices and the average degree A(n) — oc as n — oc, we have

log Tg(n)

oC as — .
log Ta(n) e
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Automorphisms of graphs

An automorphism of a (simple) graph I is a permutation 7 of VI" which
has the property that {u,v} is an edge of I if and only if {7 (u),7(v)}
is an edge of I'. The set of all automorphisms of I', with the operation
of composition, is the automorphism group of I', denoted by Aut(T).

Some basic properties of automorphisms are direct consequences of
the definitions. For example, if two vertices x and y belong to the same
orbit, that is, if there is an automorphism « such that a(z) = y, then
z and y have the same degree. This, and other similar results, will be
taken for granted in our exposition.

We say that I is vertez-transitive if Aut(I') acts transitively on VT,
that is, if there is just one orbit. This means that given any two vertices
u and v there is an automorphism 7 € Aut(I') such that n(u) = v.
The action of Aut(I') on VT induces an action on ET. by the rule
n{zr,y} = {n(z).m(y)}, and we say that I is edge-transitive if this action
is transitive, in other words, if given any pair of edges there is an auto-
morphism which transforms one into the other. It is easy to construct
graphs which are vertex-transitive but not edge-transitive: the ladder
graph L3 is a simple example. In the opposite direction we have the
following result.

Proposition 15.1 If a connected graph is edge-transitive but not
vertex-transitive, then it is bipartite.

Proof Let {x,y} be an edge of I'. and let X and Y denote the orbits
containing r and y respectively under the action of Aut(I') on the ver-
tices. It follows from the definition of an orbit that X and Y are either
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disjoint or identical. Since I' is connected, every vertex z is in some
edge {z,w}, and since I' is edge-transitive, z belongs to either X or Y.
Thus X UY = VI'. If X =Y = VT then I' would be vertex-transitive,
contrary to hypothesis; consequently X NY is empty. Every edge of '
has one end in X and one end in Y, so I' is bipartite. O

The complete bipartite graph K, with a # b is an obvious example of
a graph which is edge-transitive but not vertex-transitive. In this case
the graph is not regular, and it is not vertex-transitive for that reason,
because it is clear that in a vertex-transitive graph each vertex must have
the same degree. Examples of reqular graphs which are edge-transitive
but not vertex-transitive are not quite so obvious, but examples are
known (see 15c).

The next proposition establishes a link between the spectrum of a
graph and its automorphism group. We shall suppose that VI is the
set {vi,va,...,vn}, and that the rows and columns of the adjacency
matrix of I" are labelled in the usual way. A permutation 7 of VI can
be represented by a permutation matric P = (p;,), where p;; = 1 if
v, = m(v;), and p;; = 0 otherwise.

Proposition 15.2 Let A be the adjacency matriz of a graph ', and
7 a permutation of VI'. Then © is an automorphism of I if and only if
PA = AP, where P is tne permutation matriz representing .

Proof Let v, = m(v;) and vy = 7(v,). Then we have
(PA)rj = Epniar; = o3
(AP)n, = Xanpi; = an.
Consequently, AP = PA if and only if v; and v, are adjacent whenever

vp and v are adjacent; that is, if and only if n is an automorphism of
r. O

A consequence of this result is that, loosely speaking, automorphisms
produce multiple eigenvectors corresponding to a given eigenvalue. To be
precise, suppose X is an eigenvector of A corresponding to the eigenvalue
A. Then we have

APx = PAx = P)\x = \Px.

This means that Px is also an eigenvector of A corresponding to the
eigenvalue A. If x and Px are linearly independent we conclude that
A is not a simple eigenvalue. The following results provide a complete
description of what happens when A is simple.
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Lemma 15.3 Let A be an simple eigenvalue of ', and let x be a cor-
responding eigenvector, with real components. If the perrutation matrix
P represents an automorphism of I' then Px = +x.

Proof If A has multiplicity one, x and Px are linearly dependent:
that is Px = ux for some complex number y. Since x and P are real.
i is real; and. since P° = I for some natural number s > 1, it follows
that p is an sth root of unity. Consequently i+ = +1 and the lemma is
proved. O

Theorem 15.4 (Mowshowitz 1969, Petersdorf and Sachs 1969)  If
all the eigenvalucs of the graph I' are simple, every automorphism of I
(apart from the identity) has order 2.

Proof Suppose that every eigenvalue of I' has multiplicity one. Then,
for any permutation matrix P representing an automorphism of I', and
any eigenvector x, we have P?x = x. The space spauned by the eigen-
vectors is the whole space of column vectors, and so P2 = L. 0]

Theorem 15.4 characterizes the group of a graph which has the maximum
number n = |VT'| of distinct eigenvalues: every element of the group
is an involution, and so the group is an elementary abelian 2-group.
For example, the theta graph ©39:1 (K4 with one edge deleted) has
automorphism group Zq x Z;. The characteristic polynomial is

X(022.1:4) = AA+ (A = A —4),
and so every eigenvalue is simple. On the other hand if we know that
a graph has an automorphism of order at least three, then it must have
a multiple eigenvalue. In particular, this means that the 2h numbers

obtained in 3e as the eigenvalues of the Mobius ladder Afy, cannot all
be distinct.

The question of which groups can be the automorphism group of some
graph was answered by Frucht (1938). He showed that, for every ab-
stract finite group (, there is a graph I' whose automorphism group is
isomorphic to G. He also proved that the same result holds with I re-
stricted to be a regular graph of degree 3 (Frucht 1949). Although there
are some gaps in the original proof, satisfactory proofs of the result are
now available. For an overview of this subject the reader is referred to
Babai (1981). He describes how Frucht’s work stimulated a great deal
of research, and how it has been extended by several authors to show
that the conclusion remains true, even if we specify in advance that T’
must satisfy a number of graph-theoretical conditions.
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T then the question O1 per-
mutations of a set X is the automorphism group of some graph wit
vertex-set X, then the answer is negative. For example, the cyclic
permutation-group of order 3 is not the automorphism group of any
graph with three vertices. (It is, of course, a subgroup of the group of
K3.) This tends to confirm our intuitive impression that there must be
some constraints upon the possible symmetry of graphs. One such con-
straint is the following. If I is a connected graph and d(u, v) denotes the
distance in I between the vertices u and v then, for any automorphism
a we have

B(u, v) = d(alu), a(x)).
Thus there can be no automorphism which transforms a pair of vertices

at distance r into a pair at distance s # r. The following definition
frames conditions which are, in a sense, partially converse to this result,.

Definition 15.5 Let I' be a graph with automorphism group Aut(T).
We say that I' is symmetric if, for all vertices u,v,z,y of I' such that u
and v are adjacent, and x and y are adjacent, there is an automorphism
a in Aut(I') for which a(u) = z and a(v) = y. We say that I is distance-
transitive if, for all vertices u,v,z,y of I' such that d(u, v) = d(zx, y), there
is an automorphism « in Aut(I') satisfying a(u) = z and a(v) = y.

It is clear that we have a hierarchy of conditions:
distance-transitive = symmetric = vertex-transitive.

In the following chapters we shall investigate these conditions in turn,
beginning with the weakest one.

Additional Results

15a How large can an automorphism group be?  For any value of n,
the automorphism group of the complete graph K, contains all the n!
permutations of its n vertices: it is the symmetric group S,,. Any other
graph on n vertices has an automorphism group which is a subgroup of
S,. Since the coraplete graph is the only connected graph in which each
pair of distinct vertices is at the same distance, it is the only connected
graph for which the automorphism group can act doubly-transitively on
the vertex-set.
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15b How small can an automorphism group be?  Except for very small
values of n, it is easy to construct a graph with n vertices which has the
trivial automorphisin group, containing only the identity permutation.

For n > 7 the tree with n vertices shown in Figure 7 is an example.

Figure 7: a tree with nc non-trivial automorphisms.

In fact, almost all graphs have the trivial automorphism group. The full
story is described by Bollobéas (1985, Chapter 9).

15c A regular graph which is edge-transitive bul not vertex-transitive
Consider a cube divided into 27 equal cubes, in the manner of Rubik’s
cube, and let us say that a row is a set of three cubes in a row parallel
to a side of the big cube. Define a graph whose vertices are the 27 cubes
and the 27 rows, a cube-vertex being adjacent to the three row-vertices
to which it belongs. This example of a regular edge-transitive graph
which is not vertex-transitive is the first of a family of examples due to
Bouwer (1972).

15d The automorphism groups of trees (Jordan 1869) Let T be a finite
tree. Then either (i) T has a vertex v, known as the centroid, which is
fixed by every automorphism of T, or (ii) T has an edge {z, y}, known
as the bicentroid, which is fixed (setwise) by every automorphism of 7.

15e The graphs P(h.t) The ‘generalized Petersen graph’ P(h.t) is
a 3-regular graph with 2h vertices zo.x1....,Th-1.%0,Y1....,Yn—1 and
edges {z,, v}, {x.,, To+1} - {¥1, Yot }, for all i € {0.1.... h — 1}, where
the subscripts are reduced modulo h. For example, P(h. 1) is the ladder
graph Ly, and P(5,2) is Petersen's graph. Frucht, Graver and Watkins
(1971) showed that:

(a) P(h,t) is vertex-transitive if and only if t> = +1 (mod h), or (h.t) =
(10, 2).

(b) P(h,t) is symmetric if and only if (h,t) is one of (4,1), (5,2), (8,3),
(10,2), (10,3), (12,5), (24.5).
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Case-by-case checking of the latter result shows that P(h,t) is distance-
transitive if and only if (h,t) is one of (4,1}, (5,2), (10,3).

15f The connection between Aut(I') and Aut(L(I')) (Whitney 1932c)
The automorphism groups of I' and its line graph L(I") are not necessar-
ily isomorphic: for example K| = L(K3), so in this case the first group
is trivial but the second is not. However, this is a rare phenomenon,.
There is a group homomorphism 6 : Aut(I') — Aut(L(I")) defined by

(0g){u,v} = {6u,0v} where ¢ € Aut(l'), {u,v} € E(T),

and we have: (i) 6 is a monomorphism provided I' # Kp; (ii) 8 is an
epimorphism provided " is not K4, K4 with one edge deleted, or K
with two adjacent edges deleted.

15g Homogeneous graphs A graph I is said to be weakly homogeneous
if, whenever two subsets Uy, Uy of VT are such that (U;) and (Us) are
isomorphic, then at least one isomorphism between them extends to an
automorphism of I'. The complete list of weakly homogeneous graphs is
as follows.

(a) The cycle graph Cs.

(b) The disjoint union of ¢ > 1 copies of the complete graph K,,.

(c) The complete multipartite graphs K, . s with ¢ > 2 parts of
equal size s.

(d) The line graph L(K3 3).
A graph is homogeneous if, whenever two subsets Uy, U, of VI are such
that (U;) and (Uy) are isomorphic, then every isomorphism between
them extends to an automorphism of I'. It is obvious that a homo-
geneous graph is weakly homogeneous, and somewhat surprisingly the
converse is also true. This result has a contorted history. The 1974
version of this book caused some confusion by attributing to Sheehan
the classification of weakly homogeneous graphs given above. In fact,
Sheehan (1974) obtained the classification of homogeneous graphs. Gar-
diner observed the error in the book, and then (1976) obtained the same
list for the weakly homogeneous case by an independent method. Fi-
nally Ronse (1978) showed directly that a weakly homogeneous graph is
homogeneous.

15h Graphs which are transitive on vertices and edges Let I be a graph
for which Aut(T") acts transitively on both vertices and edges. Then I'
is a regular graph, and if its degree is odd, it is symmetric (Tutte 1966).
If its degree is even, the conclusion may be false, as was first shown
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by Bouwer (1970). Holt (1981) gave an example of a 4-regular graph
with 27 vertices which is vertex-transitive and edge-transitive, but not
symmetric, and Alspach. Marusi¢ and Nowitz (1993) showed that Holt's
example is the smallest possible.

15i Graphs with a given group (Izbicki 1960) Let an abstract finite
gronp G and natural numbers r and s satisfying r > 3, 2 < s < r he
given. Then there are infinitely many graphs I with the properties:

(a) Aut(I') is isomorphic to G;

(b) T is regular of degree 7;

(c) the chromatic number of I' is s.
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Vertex-transitive graphs

In this chapter we study graphs I" for which the automorphism group acts
transitively on VI'. As we have already noted in the previous chapter,
vertex-transitivity implies that every vertex has the same degree, so I'
is a regular graph.

We shall use the following standard results on transitive permutation
groups. Let G = Aut(T") and let G, denote the stabilizer subgroup for
the vertex v; that is, the subgroup of G containing those automorphisms
which fix v. In the vertex-transitive case all stabilizer subgroups G, (v €
VT) are conjugate in GG, and consequently isomorphic. The index of G,
in GG is given by the equation

G5 Gyl = GI/|G.| = VT

If each stabilizer G, is the identity group, then every element of G
(except the identity) does not fix any vertex, and we say that G acts
reqularly on VI'. In this case the order of G is equal to the number of
vertices.

There is a standard construction, due originally to Cayley (1878),
which enables us to construct many, but not all, vertex-transitive graphs.
We shall give a streamlined version which has proved to be well-adapted
to the needs of algebraic graph theory. Let G be any abstract finite
group, with identity 1; and suppose 2 is a set of generators for G, with
the properties:

i) reQ=z"'eQ (i) 1¢gQ
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Definition 16.1  The Cayley graph I' = T'((7, Q) is the simple graph
whose vertex-set and edge-set are defined as follows:

VI'=G: ET ={{g,h}|g 'heq}

Simple verifications show that ET is well-defined, and that I'(G,Q) is
a connected graph. For example, if G is the symmetric group S3. and
0 = {(12),(23), (13)}, then the Cayley graph I'(G, §2) is isomorphic to
K33 (Figure 8).

1 (12)

(13)

(132) (23)
Figure 8: K3 3 as a Cayley graph for S3.

Proposition 16.2 (1) The Cayley graph I'(G, Q) is vertex-transitive.
(2) Suppose that m 1s an automorphism of the group G such that n(2) =
Q). Then m, regarded as a permutation of the vertices of I'(G, ), is a
graph automorphism fizing the vertex 1.
Proof (1) For each g in G we may define a permutation g of VI = G
by the rule g(h) = gh (h € G). This permutation is an antomorphism
of I', for
{h,k} €ET = h ke Q
= (gh) gk € Q
= {g(h),g(k)} € ET.
The set of all § (¢ € G) constitutes a group G (isomorphic with G),
which is a subgroup of the full group of automorphisms of I'(G, ). and
acts transitively on the vertices.
(2) Since 7 is a group automorphism it must fix the vertex 1. Fur-
thermore, 7 is a graph automorphismn, since
{(hk} € ET = h ke Q = n(h k) € Q
= n(h) 'n(k) € Q
= {mw(h), w(k)} € ET.
O

The second part of this proposition implies that the automorphism
group of a Cayley graph I'(G, Q) will often be strictly larger than G.
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in the example illustrated in Figure 8, every group automorphism of
Sy fixes 1 setwise, and so it follows that the stabilizer of the vertex
1 has order at least 6. In fact, the order of the stabilizer is 12, and

,Allt(K3,3)| = T72.

Not every vertex-transitive graph is a Cayley graph; for example Pe-
tersen’s graph O3 is not a Cayley graph. This statement can be checked
by noting that therc are only two groups of order 10 and they have
few generating sets of size three satisfying the conditions in Definition
16.1. An exhaustive check of all the possibilities confirms that Petersen'’s
graph does not arise as a Cayley graph in this way.

We begin our study of the hierarchy of symmetry conditions with the
case when Aut(I') acts regularly on V(T).

Lemma 16.3 Let I' be a connected graph. Then a subgroup H of
Aut(T") acts regularly on the vertices if and only if T is isomorphic to a
Cayley graph T'(H,QY), for some set Q which generates H .

Proof Suppose VI' = {v;,v2,...,v,}, and H is a subgroup of Aut(I)
acting regularly on VI'. Then, for 1 < ¢ < n there is a unique h, € H

such that h,(v1) = v;. Let
2= {h, € H | v, is adjacent to v; in T}.

Simple checks show that (2 satisfies the two conditions required by Def-
inition 16.1 and that the bijection v, « h; is a graph isomorphism of T’
with T'(H,Q). Conversely if I' = T'(H,Q) then the group H defined in
the proof of Proposition 16.2 acts regularly on VT, and H =~ H. O

Lemma 16.3 shows that if Aut(I") itself acts regularly on VI', then T’
is a Cayley graph T'(Aut(T'), 2).

Definition 16.4 A finite abstract group G admits a graphical reqular
representation, or GRR, if there is a graph I" such that G is isomorphic
with Aut(T'), and Aut(I') acts regularly on VT.

The question of which abstract groups admit a GRR was answered
completely in the late 1970’s (see 16g). It turns out that the secoud
part of Proposition 16.2 is essentially the only obstacle to there being a
GRR for G. In other words, a group G has no GRR if and only if every
generating set {2 for G which satisfies conditions (i) and (ii) is such that -
there is an automorphism of G fixing 2 setwise.

As an example of the ideas involved we show that the group S3 admits
no graphical regular representation. If there were a suitable graph T,
then it would be a Cayley graph I'(S3,§). Now, it is easy to check by an
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exhaustive search that, for any generating set {2 satisfying conditions (i)
and (ii) on p. 122, there is some automorphism of S3 fixing () setwisc.
Thus, by part (2) of Proposition 16.2, the automorphism group of a
Cayley graph I'(S3.Q2) is strictly larger than Sj.

In the case of transitive abelian groups, precise information is provided
by the next proposition.

Proposition 16.5 Let " be a vertez-transitive graph whose automor-
phism group G = Aut(I') is abelian. Then G acts regularly on VT, and
G s an elementary abelian 2-group.

Proof If g and h are elements of the abelian group G. and g fixes v,
then gh(v) = hg(v) = h(v) so that g fixes h(v) also. If G is transitive,
every vertex is of the form h(v) for some h in G, so g fixes every vertex.
That is, g = 1.

Thus G acts regularly on VI and so, by Lemma 16.3. ' is a Clayley
graph T(G, Q). Now since G is Abelian, the function g — ¢! is an
automorphism of G, and it fixes Q setwise. If this automorphism were
non-trivial, then part (2) of Proposition 16.2 would imply that G is not
regular. Thus g = ¢! for all g € G. and every element of G has order
2. ]

We now turn to a discussion of some simple spectral properties of
vertex-transitive graphs. A vertex-transitive graph I' is necessarily a
regular graph, and so its spectrum has the properties which are stated
in Proposition 3.1. In particular, if I' is connected and regular of degrec
k, then k is a simple eigenvalue of I'. It turns out that we can use the
vertex-transitivity property to characterize the simple eigenvalues of T

Proposition 16.6 (Petersdorf and Sachs 1969) Let I' be a vertez-
transitive graph which has degree k, and let A be a simple eigenvalue of
. If|VT)| is odd, then A = k. If |VT| s even, then A\ is one of the
ntegers 2a — k (0 < a < k).

Proof Let x be a real eigenvector corresponding to the simple eigen-
value A, and let P be a permutation matrix representing an automor-
phism 7 of I'. If w(v,) = v,. then, by Lemma 15.3,

r, = (Px), = £z,

Since T is vertex-transitive, we deduce that all the entries of x have
the same absolute value. Now, since u = [1,1...,1]' is an eigenvector
corresponding to the eigenvalue k. if A # k we must have u‘x = 0. that

is >z, = 0. This is impossible for an odd number of summands of equal
absolute value. and so our first statement is proved.



126 Symmetry and regularity

If I" has an even number of vertices, choose a vertex v, of I"and s
that, of the vertices v, adjacent to v,, a number a have z, = x, while
k — a have z, = —z,. Since (Ax), = Az, it follows that 3 z; = Az,
where the sum is taken over vertices adjacent to v,. Thus

az, — (k — a)z; = Az,.

whence A\ = 2a — k. w

For example, the only numbers which can be simple eigenvalues of a 3-
regular vertex-transitive graph are 3,1, —1, —3. This statement is false if
we assume merely that the graph is regular of degree 3: many examples
can be found in [CvDS, pp. 292-305].

If we strengthen the assumptions by postulating that I' is symmetric,
then the simple eigenvalues are restricted still further.

Proposition 16.7 Let I' be a symmetric graph of degree k, and let )
be a simple eigenvalue of . Then A = +k.

Proof We continue to use the notation of the previous proof. Let v;
and v; be any two vertices adjacent to v,; then there is an automorphism
7 of I' such that n(v,) = v, and n(v,) = v;. If P is the permutation
matrix representing =, then m(v,) = v, implies that Px = x and so
r, =x;. Thusa=0ork, and A = £k.

We remark that the eigenvalue —k occurs, and is necessarily simple,
if and only if ' is bipartite.

Additional Results

16a Circulant graphs A circulant graph is vertex-transitive, and a
connected circulant graph is a Cayley graph I'(Z,, ) for a cyclic group
Z,. Adam (1967) conjectured that if two such graphs I'(Z,,Q) and
[(Z,,) are isomorphic then Q' = 2Q for some invertible element 2
in Z,,. Elspas and Turner (1970) showed that the conjecture is true if
n is a prime, or if the graphs have only simple eigenvalues, but false
in general. Parsons (1980) showed that it is true if both graphs have
vertex-neighbourhoods isomorphic to the cycle Cy.

16b The ladder graphs as Cayley graphs The dihedral group Ds, of
order 2n is defined by the presentation

Dyn = (z,y | 2" = y* = (zy)* = 1.
The Cayley graph of D,,, with respect to the generating set {z,z~!,y}
is the ladder graph L,.
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y a groups The
ternating group A, is the subgroup of index two in S, containing all
the even permutations. The groups Ay and As are sometimes known as
the tetrahedral and icosahedral groups because they are isomorphic with
groups of rotations of the respective polyhedra. Both groups can be
represented by planar Cayley graphs. A Cayley graph for A4 is shown

in Figure 9.

Figure 9: a Cayley graph for Ay.

A Cayley graph for Ajs is the skeleton of the famous carbon-60 structure,
also known as buckminsterfullerene, or the ‘buckie-ball’, or the ‘soccer
ball’.

16d The stabilizer of a vertex-neighbourhood  Suppose that I' is a
vertex-transitive graph with G = Aut(I'). For any vertex v of I, de-
fine

L, = {g € G, | g fixes each vertex adjacent to v}.

Then L, is a normal subgroup of GG,,. More explicitly, there is a homo-
morphism from (, into the group of all permutations of the neighbours
of v. with kernel L,. It follows from this that |G, : L,| < k!, where k is
the degree.

16e The order of the vertex-stabilizer Let H, be the graph formed by
linking together n ‘units’ of the form shown in Figure 10 so that they
form a complete circuit. Then the graphs H,, are vertex-transitive and
the order of the vertex-stabilizer (2") is not bounded in terms of the
degree.

On the other hand, in a symmetric graph the order of the vertex-
stabilizer is bounded in terms of the degree. See 17g.
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Figure 10: the vertex-stabilizer is not bounded.

16f Coset graphs  Let G be an abstract finite group, H a subgroup of G,
and Q) a subset of G\ H such that 1 ¢ Q, Q7! = Q, and HU( generates
G. The simplest way of defining a (general) graph whose vertices are the
right cosets of H in G is to make Hg, and Hg, adjacent whenever gog;
is in ). The graph so constructed is connected and vertex-transitive.
There are other ways of defining a graph whose vertices are cosets,
and some of them result in a symmetric graph. Examples and further
references may be found in a paper by Conder and Lorimer (1989).

16g Graphical regular representations  Hetzel (1976) proved that the
only solvable groups which have no GRR are:

(a) abelian groups of exponent greater than 2;

(b) generalized dicyclic groups;

(c) thirteen ‘exceptional’ groups, such as the elementary abelian groups
Z2% 73, Z3, the dihedral groups Dg, Dg, D1y, and the alternating group
A4‘

This work subsumed earlier results by several other authors. Godsil
(1981) showed that every non-solvable group has a GRR, so the list
given above is the complete list of groups which have no GRR.

16h The eigenvalues of a Cayley graph (Babai 1979) Let I'(G,Q) be
a Cayley graph and suppose that the irreducible characters of G are
X1,X2 - -1 Xc, With degrees nj,na, ..., n. respectively. Then the eigen-
values of I' fall into families (A,);, 1 < i < ¢, 1 < j < n, such that
each (A;), contains n, eigenvalues, all with a common value A,;. (Note
that the total number of eigenvalues is thus 3" n?, which is the correct
number |G|.) The sum of the tth powers of the A, corresponding to a

given character x, satisfies

n,
Z AL = Z Xi(wiws ... wy),
7=1

where the sum on the right-hand side is taken over all products of ¢
elements of €2.
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161 The Puley graphs Denote the additive group of the tield GF(q)
by G4 and let Q be the set of non-zero squares in GF(g). If g =1 (mod
4) then €2 generates G, and satisfies the conditions at the foot of p. 122
(remembering that the identity of GG, is the zero element of the field).
The Paley graph P(q) is the Cayley graph I'(Gg, ). These graphs are
strongly regular and self-complementary. If g is the rth power of a prime,
the order of Aut(P(q)) is rq(q — 1)/2.

16j Graphs with a specified vertez-neighbourhood A graph is said to be
locally K if, for each vertex v, the subgraph induced by the neighbours of
v is isomorphic to K. For example, the graphs which are locally Petersen
were determined by Hall (1980): there are just three of them, having
21, 63, and 65 vertices. Many other papers on this topic are listed by
Blokhuis and Brouwer (1992).

16k Generators for the automorphism group Let I’ be a connected
vertex-transitive graph and let G, denote the stabilizer of the vertex
v. If h is any automorphism of I' for which d(v,h(v)) = 1, and T is
symmetric, then h and G, generate Aut(l').
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Symmetric graphs

The condition of vertex-transitivity is not a very powerful one, as is
demonstrated by the fact that we can construct at least one vertex-
transitive graph from each finite group, by means of the Cayley graph
construction. A vertex-transitive graph is symmetric if and only if each
vertex-stabilizer GG, acts transitively on the set of vertices adjacent to v.
For example, there are just two distinct 3-regular graphs with 6 vertices;
one is K3 3 and the other is the ladder L3. Both these graphs are vertex-
transitive, and K3 3 is symmetric, but L3 is not because there are two
‘kinds’ of edges at each vertex.

Although the property of being symmetric is apparently only slightly
stronger than vertex-transitivity, symmetric graphs do have distinctive
properties which are not shared by all vertex-transitive graphs. This was
first demonstrated by Tutte (1947a) in the case of 3-regular graphs. More
recently his results have been extended to graphs of higher degree, and it
has become apparent that the results are closely related to fundamental
classification theorems in group theory. (See 17a, 17f, 17g.)

We begin by defining a t-arc [a] in a graph I' to be a sequence
(ag, a1, ..., ;) of t+ 1 vertices of ', with the properties that {a,-1,c,}
isin ET for 1 <i:<t,and a;_1 # a,y1 for 1 <1 <t—-1. A t-arc is not
quite the same thing as the sequence of vertices underlying a path of
length ¢, because it is convenient to allow repeated vertices. We regard
a single vertex v as a O-arc [v]. If 8 = (8o, f51,...,0s) is an s-arc in
I, then we write [a.0] for the sequence (ag,.. ,a:,Bo,-..,08s), provided
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Definition 17.1 A graph I is t-transitive (¢t > 1) if its antomorphism
group is transitive on the set of ¢-arcs in I', but not transitive on the set
of (t+ 1)-arcs in [

There is little risk of confusion with the concept of multiple transitivity
used in the general theory of permutation groups, since (as was noted in
15a) the only graphs which are multiply transitive in that sense are the
complete graphs. We observe that the automorphism group is transitive
on l-arcs if and only if T" is symmetric (since a l-arc is just a pair of
adjacent vertices). Consequently, any symmetric graph is t-transitive
for some t > 1.

The only connected graph of degree one is K5, and this graph is 1-
transitive. The only connected graphs of degree two are the cycle graphs
C, (n > 3), and these are anomalous in that they are transitive on t-
arcs for all t > 1. From now on, we shall usually assume that the graphs
under consideration are connected and regular of degree not less than
three. For such graphs we have the following elementary inequality.

Proposition 17.2  Let I' be a t-transitive graph whose degree is at
least three and whose girth is g. Then
1

t< = 2).
_2(9+ )

Proof T contains a cycle of length g, which is, in particular, a g-arc.
Because the degree is at least three, we can alter one edge of this g-arc
to obtain a g-arc whose ends do not coincide. Clearly no automorphism
of I' can take a g-arc of the first kind to a g-arc of the second kind: so
it follows that t < g.

(8]

Bi

(o]

Figure 11: illustrating the proof of Proposition 17.2.

Consequently, if we select a cycle of length g in I', then there is a t-arc
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[, without repeated vertices, contained in it. Let [3] be the (g — t)-arc
beginning at a; and ending at oy which completes the cycle of length
g. Also let v be a vertex adjacent to a;_, but which is not a;_3 or ay;
this situation is depicted in Figure 11. Since I' is t-transitive, there is
an automorphism taking the t-arc [a] to the t-arc (ag, a1, ..., a;_1,v).
This automorphism must take the (g — ¢t + 1)-arc [a;-1.0] to another
(9 — t + 1)-arc [ai—1.7], where 79 = v and ,-¢+ = ag. The two arcs
[@t—1.08] and [a;—1.7] may overlap, but they define a cycle of length at
most 2(g —t + 1). Hence g < 2(g —t + 1), that is, g > 2t — 2. 0

Definition 17.3 Let [a] and [3] be any two s-arcs in a graph I'. We
say that [0] is a successor of [a] if B, = ;41 (0< i < s—1).

It is helpful to think of the operation of taking a successor of [a] in
terms of ‘shunting’ [a] through one step in I'. Suppose we ask whether
repeated shunting will transform a given s-arc into any other. If there
are vertices of degree one in I' then our shunting might be halted in
a ‘siding’, while if all vertices have degree two we cannot reverse the
direction of our ‘train’. However, if each vertex of I' has degree not
less than three, and I'" is connected, then our intuition is correct and
the shunting procedure always works. The proof of this requires careful
examination of several cases, and may be found in Tutte’s book (Tutte
1966, pp. 56--58). Formally the result is as follows.

Lemma 17.4 Let [ be a connected graph in which the degree of each
verter is at least three. If s > 1 and [a],[B] are any two s-arcs in T,
then there is a finite sequence [aV] (1 < i < 1) of s-arcs in T such
that [@V] = [a],[@P] = [8], and [a*FV)] is a successor of [aV)] for
1<i<i-1. O

We can now state and prove a convenient test for ¢-transitivity. Let
I' be a connected graph in which the degree of each vertex is at least
three, and let [a] be a t-arc in T.

v(l)

1@

)

Figure 12: a t-arc and its successors.
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Suppose (as in Figure 12) that the vertices adjacent to «, are a;_ and
o0 v@ ol and let (3] denote the t-arc (ay,aq,. .., a.. 0™ for
1 < i <1, so that each [31"] is a successor of [a].

Theorem 17.5 Let 1 be a connected k-reqular graph with | =k —1 >
3, and let [a] be a t-arc in I'. Then Aut(T') is transitive on t-arcs if
and only if it contains automorphisms g1.g2,...,q such that g[a] =
AP (1 <i<).
Proof The condition is clearly satisfied if Aut(T") is transitive on ¢-
arcs. Conversely, suppose the relevant automorphisms gy, g,,..., g, can
be found; then thev generate a subgroup H = (gy,92,....q;) of Aut(I').
and we shall show that H is transitive on ¢-arcs.

Let [f) be a t-arc in the orbit of [a] under H; thus (8] = h[a] for some
h € H. If [¢] is any successor of [f], then h™'[¢] is a successor of [a],
and so [¢] = hg,[a] for some 7 € {1,2,...,l}. That is, [¢] is also in the
orbit of [@] under H. Now Lemma 17.4 tells us that all t-arcs can be
obtained from [a] by repeatedly taking successors, and so all t-arcs are
in the orbit of [« under H. ]

As an example, consider Petersen’s graph Oj, whose vertices are
the unordered pairs from the set {1,2,3,4,5} with disjoint pairs be-
ing adjacent. The automorphism group is the group of all permuta-
tions of {1,2,3,4,5}, acting in the obvious way on the vertices. Since
the girth of O3 is 5, Proposition 17.2 tells us that the graph is at
most 3-transitive. The 3-arc [a] = (12,34,15,23) has two successors:
(B3] = (34,15,23.14) and [3®] = (34, 15,23,45). The automorphism
(13)(245) takes [a] to [3V] and the automorphism (13524) takes [a] to
[3®)], hence O3 is 3-transitive.

In addition to its usefulness as a test for t-transitivity, Theorem 17.5
also provides a starting point for theoretical investigations into the struc-
ture of ¢-transitive graphs. Suppose that I' is a connected ¢-transitive
graph (¢ > 1), which is regular of degree k > 3, and let [a] be a given
t-arc in .

Definition 17.6 The stabilizer sequence of [a] is the sequence
Aut(F) =G>F,>F_1>...>F > Ey

of subgroups of Aut(I'), where F; (0 < 7 < t) is defined to be the
pointwise stabilizer of the set {ag, a1, ...,04-,}.

In the case of Petersen’s graph, with respect to the 3-arc (12, 34. 15, 23),
the group Fj is trivial, Fy is the group of order 2 generated by (34). F3
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is the group of order 4 generated by (34) and (12), and

of order 12 generated by (34), (12) and (345).

In general, since (G is transitive on s-arcs (1 < s < t), all stabilizer
sequences of t-arcs are conjugate in G, and consequently we shall often
omit explicit reference to [a].

The order of each group occuring in the stabilizer sequence is de-
termined by the order of Fy, as follows. Since F; is the stabilizer of
the single vertex ag in the vertex-transitive group G, it follows that
|G : Fy] =n = |VT|. Since G is transitive on l-arcs, F; acts transitively
on the k vertices adjacent to ag and F;_; is the stabilizer of the vertex
ay in this action; consequently |F; : Fy_;| = k. Since G is transitive
on s-arcs (2 < s < t), the group F;_s4; acts transitively on the k — 1
vertices adjacent to as_; (other than ay_5), and Fy_, is the stabilizer
of the vertex a; in this action; consequently [Fy_ 41 : Fi_s| = k—1 for
2<s<t.

Thus we have

|Fs| = (k= 1)°|Fol 0<s<t—-1),

|Fi| = k(k — 1)1 Fyl,

|G| = nk(k — 1)1 Fy).
This confirms our earlier observations about Petersen’s graph, where we
have t = 3 and |Fy| = 1, so that |Fy| = 2, |F3] = 4, |F3| = 12 and
IG| = 120.

We shall now explain how the properties of the stabilizer sequence can
be conveniently discussed in terms of the set {g1,g2,...,q1} of =k —1
automorphisms whose existence is guaranteed by Theorem 17.5. Define
an increasing sequence of subsets of G = Aut(I"), denoted by {1} = Y, C
Y, CY, C..., as follows:

Y, ={9:7g] |a,be {1,2,...,1} and 1 < j < i}.

Proposition 17.7 (1) If 1 <i <, then Y, is a subset of F,, but not
a subset of F,_y. (2) If 0 < i < t, then F, is the subgroup of G generated
by Y, and Fy.
Proof (1) For 1 <a <1, we have g7 (a;) = a,+, provided that both
j and j + r lie between 0 and t. Also, gt /%! (a,) = v(¥). It follows
that ga_Jg{, fixes ag,a1,...,a¢_, for all j <1, and so Y, C F,. If it were
true that Y, C F,_,, then g, *g; would fix a;_;41, but this means that
gi(ai_is1) = gilat—,41), that is v(®) = v Since this is false for a # b,
we have Y, € F,_,.

(2) Suppose f € F,, and fla] = (a0, a1, ...,at_5,7Y1,.-.,7). Pick any



Symmetric graphs 135

gs; since v, is adjacent to a,_1. gi(v1) is adjacent to gi(a,_1) = a;, and
so g; '(m) = v for some a € {1,2,...,l}. Then
9. g fla) = (ag, 0, ...y —441,02,...,6,) say.

By applying the same method with 7 replaced by i — 1, we can find
an automorphism gc_(z_l)gfi_l, which belongs to both Y;_; and Y,, and
takes 62 to a;_,+o while fixing ag,a1,...,a¢—;41. Continuing in this
way, we construct g in Y, such that gf{a] = [a], that is, gf is in Fj.
Consequently f is in the group generated by Y, and F,. Conversely,
both Y; and F, are contained in F, so we have the result. O

All members of the sets Yj, Y7,...,Y; fix the vertex ag and so belong
to F}, the stabilizer of ag: further, we have shown that F; is generated
by Y; and Fy. In the case of Y;;,. we note that this set contains some
automorphisms not fixing agp, and we may ask whether Y;,; and Fj
suffice to generate the entire automorphism group G. The following
proposition shows that the answer is ‘yes’, unless the graph is bipartite.
The reason why bipartite graphs are exceptional in this respect is that
if I' is a symmetric bipartite graph in which VI' is partitioned into
two colour-classes V; and V5, then the automorphisms which fix V; and
Vs setwise form a subgroup of index two in Aut(I'). We say that this
subgroup preserves the bipartition.

Proposition 17.8 Let I' be a t-transitive graph with t > 2 and girth
greater than 3. Let G* denote the subgroup of G = Aut(l') generated by
Yiy1 and Fy. Then either (1) G* = G; or (2) I is bipartite, |G : G*| = 2,
and G* is the subgroup of G preserving the bipartition.

Proof Let u be any vertex of I" such that d(u,ag) = 2; we show
first that there is some ¢g* in G* taking ag to u. Since the girth of
I' is greater than 3, the vertices v(®) = g!*!(ag) and v(® = g; ()
satisfy 8(1)(“),11“’)) = 2. Consequently, the distance between «( and
g;(t“)gé“(ao) is also 2. Now G* contains F, (since the latter is gen-
erated by Y;. which is a subset of Y;,,, and Fy), and F; is transitive
on the 2-arcs which begin at ag (since t > 2). Thus G* contains

an automorphism f fixing ay and taking g;(t“)gé“(ao) to u. and

g" = fga_(“'”gé+1 takes g to u.

Let U denote the orbit of g under the action of G*. U contains all
vertices whose distance from ¢ is two, and consequently all vertices
whose distance from agq is even. If U = VI, then G* is transitive on

VT, and since it contains F}, the stabilizer of the vertex ag in (G*) is
F;. Thus |G*| = |[VT||F¢] = |G|, and so G* = G. If U # V' then U
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consists precisely of those vertices whose distance from «q is even, and
[' is bipartite, with colour-classes U and VI'\ U. Since G* fixes them
setwise, G* is the subgroup of G preserving the bipartition. 0

We remark that the only connected graphs of girth three whose auto-
morphism group is transitive on 2-arcs are the complete graphs. Thus
the girth constraint in Proposition 17.8 is not very restrictive.

In the next chapter we shall specialize the results of Propositions
17.7 and 17.8 to 3-regular graphs; our results will lead to very precise
information about the stabilizer sequence.

Additional Results

17a The significance of the condition t > 2 In 16d we observed that
the vertex-stabilizer G, has a normal subgroup L, such that G,/L, is
a group of permutations of the vertices adjacent to v. In the case of
a symmetric graph with ¢ > 2 this group of permutations is doubly-
transitive. Since all doubly-transitive permutation groups are ‘known’,
this observation links the problem of classifying symmetric graphs with
the classification theorems of group theory. See also 17f and 17g.

17b The stabilizer of an edge-neighbourhood Suppose that I" is a sym-
metric graph of degree k with G = Aut(T'). For any edge {v,w} of I,
define Gy = Gy NGy, Lyw = Ly N Ly, where L, and L,, are the stabi-
lizers of the respective vertex-neighbourhoods, as defined in 16d. Then
we have the following subgroup relationships among these groups.
(a) L, is a normal subgroup of G, and Gyy;
(b) Ly is a normal subgroup of L, and Gy.,.
It follows from standard theorems of group theory that

L, LyLy

Lyw Ly
and L,L, /Ly is a normal subgroup of Gyw/Ly. The last group is a
group of permutations of the neighbours of w, fixing v. Thus we have
|Ly ¢ Lyw| < (k—1)!, and

Ile < k'(k - 1)!|va|'

17c The full automorphism group of K, , It is clear that the graph
K. » has at least 2(n!)? automorphisms. Simple arguments suffice to

show that there are no others, but, for the sake of example, we can use
17b. In this case the neighbourhood of an edge is the whole graph, so
L, = 1. It follows that

|G| < 2n|G,| < 2nn! (n — 1)! =2 (nh)>.
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17d The automorphism group of O A more substantial application
of 17b shows that the symmetric group Sax - is the full automorphism
group of Ox. When k > 3 every 3-arc in Oy determines a unique 6-cycle,
and it follows from this that if ¢ € L, then g € L., for all vertices z
adjacent to w. Hence L,,, = 1, and the order of the full automorphism
group is at most
2k — 1
k‘!(k~1)!(k_ 1) = (2k - 1)

An alternative proof using the Erdds-Ko-Rado theorem may be found
in Biggs (1979).

17e The stabilizer sequence for odd graphs The odd graphs Oy are
3-transitive, for all k& > 3. The stabilizer sequence is

G = So-1. F3 =35k xS5c-1, Fo= S5k x Sk_1.
Fy = Sk-1 X Sk_e, Fy=Sk-2 X Sk—2.

17f Ly, is a p-group (Gardiner 1973)  For any t-transitive graph with
t > 2 the edge-neighbourhood stabilizer L,,,, is a p-group, for some prime
p. If t > 4 and the degree is p + 1 it follows that the order of a vertex-
stabilizer G, is (p + 1)p'~!m, where t = 4,5 or 7 and m is a divisor of

(p-1)%

17g There are no 8-transitive graphs  Weiss (1983) extended the results
of Gardiner and others, and using the classification theorems of group
theory he showed that there are no finite graphs (apart from the cycles)
for which a group of automorphisms can act transitively on the t-arcs
for t > 8. 7-transitive graphs do exist: the smallest is a 4-regular graph
with 728 vertices [BCN, p. 222].

17h Symmetric cycles A cycle with vertices vg,vy,...,v;_1 in a graph
[ is symmetric if there is an automorphism g of I' such that g(v,) = v,41.
where the subscripts are taken modulo [. J.H. Conway observed that
in a symmetric graph of degree k the syminetric cycles fall intno k — 1
equivalence classes under the action of the automorphism group. The
details may be found in Biggs (1981a). For example, the two classes
in Petersen’s graph contain 5-cycles and 6-cycles. and in general, the
classes in Oy have lengths 6,10,...,4k — 6 and 2k — 1.
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Symmetric graphs of degree three

In this chapter we shall use the traditional term cubic graph to denote
a simple, connected graph which is regular of degree three. As we shall
see, the theory of symmetric cubic graphs is full of strange delights.

Suppose that T' is a ¢-transitive graph so that, by definition, Aut(I’)
is transitive on the t-arcs of I' but not transitive on the (¢ + 1)-arcs of
I'. The distinctive feature of the cubic case is that Aut(I') acts regularly
on the t-arcs.

Proposition 18.1 Let [a] be a t-arc in a cubic t-transitive graph T'.
Then an automorphism of T' which fires [a] must be the identity.

Proof Suppose f is an automorphism fixing each vertex ag, a1, . . ., 4.
If f is not the identity, then f does not fix all t-arcs in I'. It follows
from Lemma 17.4 that there is some t-arc [3] such that f fixes (4],
but f does not fix both successors of [F]. Clearly, if Be—1,uM) u® are
the vertices adjacent to B, then f must interchange u(*) and u(?). Let
w # [, be a vertex adjacent to Fy. Since I is t-transitive there is an
automorphism h € Aut(T') taking the t-arc (w, Gy, ....0Bt—1) to [F], and
we may suppose the notation chosen so that h(3;) = u(!). Then h
and fh are automorphisms of I taking the (¢ + 1)-arc [w.3] to its two
successors, and, by Theorem 17.5, Aut(T') is transitive on (¢ + 1)-arcs.
This contradicts our hypothesis, and so we must have f = 1. O

From now on we shall suppose that we are dealing with a cubic ¢-
transitive graph I', and that we have chosen an arbitrary t-arc [a] in T.
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If the stabilizer sequence of this t-arc is
Aut(T) =G> Fy > Fio1 > ... > Fy.

then Proposition 18.1 implies that |Fy| = 1. Consequently we know the
orders of all the groups in the stabilizer sequence:

|F| =2° 0<i<t—-1),
iFtl =3 x 21_1,
Gl =nx3x2""" (n=|VI)).
The structure of these groups can be elucidated by investigating cer-
tain sets of generators for them. These generators are derived from the
sets Y, defined for the general case in Chapter 17. Let a,_1, v} v(%) he

the vertices adjacent to a4, and let g, (r = 1,2) denote automorphisms
taking [a] to (a1, ag, ..., ay, v(M). We shall use the following notation:

g=g1, To=g;'g2 T =9 'weg" (i=1,2,...,1).
The effect of these automorphisms on the basic t-arc [} is indicated in

Figure 13. We note that these automorphisms are unique, as a conse-
quence of Proposition 13.1.

Figure 13: the effect of g1, g2 and z¢ on [a].

In this chapter, (X) will denote the subgroup of Aut(I'") generated by
the set X.

Proposition 18.2  The stabilizer sequence of a cubic t-transitive graph
with t > 2 has the following properties:
(1) F, = (zg.T1,...,T,—1) fori=1.2,...,¢t
(2) if G* = {xo,x1,...,7¢) then |G : G*| < 2;
(3) G = (z0,9).
Proof We shall use the notation and results of Propositions 17.7 and
17.8. In the cubic case we have Fy = 1, and the set Y, consists of the
elements g, ’ g3 and their inverses g;7¢] for 1 < j <1,

(1) It follows from part (2) of Proposition 17.7 that F, = (Y;). Now

=317 _ -(-1 -1 _
91792 = Z,-19; 92  =ZT;-1T;-2...Tg,
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and so F, = (10, Z1,.-.,L1—1).
(2) It follows from Proposition 17.8 that the group G* = (Yi41), that
is (rg,xy....,Ts), is a subgroup of index 1 or 2 in G, provided that the

girth of I" is greater than three. If the girth is three, then it is easy to
see that the only possibility is ¢ = 2,I" = K4, and we may verify the
conclusion explicitly in that case.

(3) If G = G*, then (xq,g) contains (zq,z;,...,74) = G* = G. If
|G : G*| = 2, then I' is bipartite, and cach element ¢g* of G* moves
vertices of I' through an even distance in I'. But the element g = g
moves some vertices to adjacent vertices, and so g € G*. Thus, adjoining
g to G* must enlarge the group, and since G* is a maximal subgroup of
G (because it has index 2) we have (G*,g) = (zg,9) = G. a

In the previous chapter we considered Petersen’s graph, obtaining for
the 3-arc [a] = (12, 34, 15, 23) the automorphisms g; = (13)(245), g2 =
(13524). Hence

Iy = (34) Iy = (12), Tg = (35), T3 = (14)
We know that this graph is not bipartite, since it has cycles of length 5,
and so in this case G* = (zg,x,Z2,23) = G = S;s.

Another simple example is the 2-transitive graph @3, the (ordinary)
cube graph, depicted in Figure 14. Taking [o] = (1,2,3) we have the
automorphisms as listed.

4 3
Figure 14: the cube graph Q3.

g1 = (1234)(5678), go = (123785)(46),

Ty = (36)(45), x; = (16)(47), xo = (18)(27).
In this case the graph is bipartite and G* = (zg,x;,x2) preserves the
bipartition
VQs = {1,3,5 7} U{2,4,6,8}.
It follows that |G : G*| = 2.
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The main result on t-transitive cubic graphs is that there are no finite
examples with ¢ > 5. The proof of this very important result is due to
Tutte (1947a), with later improvements by Sims (1967) and Djokovié¢
(1972). Following these authors we shall obtain the result as an alge-
braic consequence of the presentation of the stabilizer sequence given in
Proposition 18.2. A rather more streamlined proof, using ‘geometrical’
arguments to replace some of the algebraic calculations, has been given
by Weiss (1974).

We shall suppose that t > 4, as this assumption helps to avoid vacuous
statements. We observe that each generator z, (i > 0) is an involution,
and that each element of F, (1 < ¢ <t — 1) has a unique expression in
the form

LpTo... Ty, where O0<p<o<...<7<i-1,

where we allow the empty set of subscripts to represent the identity
element. The uniqueness of the expression is a consequence of the fact
that there are 2¢ such expressions, and |F,| =2 for 1 <i <t — 1.

The key idea is to determine which stabilizers are abelian and which
arve non-abelian. It is immediate that F; and F5 are abelian, since |F|| =
2 and |F5| = 4. Let A denote the largest natural number such that F)
is abelian.

Proposition 18.3 Ift >4, then2 < A < 3(t +2).
Proof We have already remarked that A > 2. Suppose that F) =
(rg,...,Tx_1) is abelian, so that its conjugate g~ ‘**~ 1 Fygt=**1  that
is (Lt_as1y-..,2¢), is also abelian. If

A—=12>t—-—A+1,

then both these groups contain z,_;, and together they generate G*;
hence r5_; commutes with every element of G*. Now g2 € G* (since

g € G and |G : G*| < 2) and so

Tao1 =0 *Ta-19° = Tas1,
whence rg = 5. This is false, given t > 4, since |F3| > |F3|, and so we
must have

1
A—1<t—A+1, thatis A<§u+2)

as claimed. O

Proposition 18.3 gives an upper bound for A in terms of t. We shall
find a lower bound of the same kind by means of arguments involving
the commutators [a,b] = a~'b7'ab of the canonical generators z,. Note
that since these generators are involutions, we have

[z, x;] = (Z‘il'j)z.
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Lemma 18.4 The genernfn'r'o z, satisfy the following conditions.

emma 18. ators x, satis fy the following
(1) (s, z,) =1 if |7 — 1] < A, but [z, z,] #Lif |7 —i] =\

(2) The centre of F; = (xg,...,T;-1) is the group (z,-x,...,Tr_1) (A <
J < 2X).

(3) The commutator subgroup of Fi11 is a subgroup of (x1,...,2, 1)
=g ' F_19g(1<i<t—2).

Proof (1) We may suppose without loss that j > 7; then [z;,z;] =
g 'zo,zj-;]g" and so [z;,z;] = 1 if and only if 2y and z;_; commute.
The result follows from the fact that F\ = (zg,...,zx-1) is the largest
abelian stabilizer.

(2) I the non-identity element x of F), is written in the form

TpZo.. . Tr (0<p<o<...<7<j—1),

then r does not commute with z,,x. Further, if p + A < 7 then z 4
belongs to F}. Similarly, x does not commute with z,_y, and if 7 — A >
—1, then z,_, belongs to F;,. Thus, if z is in the centre of F, then
p>j—Aand 7 < A—1,so0that zisin (z,_»,...,zx-1). Conversely, it
follows from (1) that every element of this group is in the centre of F;.

(3) Provided that 1 < i < t — 2, the groups F, = {(xg,...,Ti_1)
and g~ 'F,g = (z1,...,z,) are different, and they are both of index
two in F,41, and consequently normal in F,;;. Thus their intersection

(ry,...,2._1) = g~ 'F,_1g is normal in F,,,, and the quotient group
F,,1/(g~'F,_1g) is abelian, since it has order 4. Hence the commutator
subgroup of F,;; is contained in g7 F,_,g. n

Since [zg, )] belongs to the commutator subgroup of F\_1, it follows
(from part (3) of Lemma 18.4 with ¢ = A) that [zg,z,] belongs to the
group (zy,...,Zx—1). In other words, there is a unique expression

[xo,za]=z,...2p, (A< u<v<A-1).

Lemma 18.5 With the above notation, we have:
(1) p+A>t—1; (2) 22 —v>t—1.

Proof (1) Suppose that ¢+ A < ¢ — 2. Then (by part (3) of Lemma
18.4) the element [zo,z, ] of the commutator subgroup of F, ;1
is contained in (zy,...,Zu4a-1). The centre of (zy,...,z,42-1) is the
group (x,,..., ), and since this contains both x and [z, z,] it follows
that [zo, T,4+1] commutes with z, and with [z, z,]. Also x\ commutes
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since 4 < A — 1. Hence we have the following calculation:
[T +>"IZQCL‘“+,\, T)\}

= [rolzo. Tpsa], za]

[£0, 242 [z, 2xl[z0, Zpaa] [[70, Tt a). 7]
[‘LO’ I/\]

This implies that @, commutes with [zg,zx] = z,...z,. But this
is false, since z, 4 does not commute with z,, but does commute with
any other term in the expression for [zo,z,]. Thus our hypothesis was
wrong, and p+ A >t — 1.

(2) If 22 —v <t — 2. then using arguments parallel to those in (1), we
may prove that [z2x_,,zo] commutes with z_, and with [z)_,,Tox_,];
also z5_, commutes with zy, since v > 1. A calculation like that in (1)
then implies that o commutes with

[:EA—Us ‘1‘2/\*1/} = Tu+r—v - - TH,
which is false. Hence 2A —v >t — 1. O

Theorem 18.6 (Tutte 1947a)  There is no finite t-transitive cubic
graph with t > 5.

Proof If ¢t is at least four. then Proposition 18.3 tells us that \ <

(t + 2). However, the results of Lemma 18.5 show that t -1 -\ < p <
v<2\X—t+1; that is, A > £ (t —1). Now, if t > 4 there is an integer A
such that

g(t~1)§/\<%(t+2)

only when ¢ = 4,5, 7. It remains to exclude the possibility ¢ = 7, which
is done by means of the following special argument.

If I' is a 7-transitive cubic graph, then the inequalities for A, and
v imply that A = 4. g = v = 2; thus [20,z4] = 2. Also, by part
(3) of Lemma 18.4, [rg, z5] belongs to the group (z;,zp, x3.4). If the
standard expression for [rg, 5] actually contains z4, then we can write
(zg,T5] = hay, where h € (z1,z2.13) so that h commutes with xy and
z4. Hence

Ly = [zg. 4] = (2o74)? = (xohrs)? = (zo(zoxs)%)?
= (z5.00T5)° = Ts1iTs = 1.

Since this is absurd, [zg, z5] = (zox5)? must belong to (z,,z3,3).

Now the original definitions show that z;,zs, and z3 fix the vertex
ag of the 7-arc [a]. and so zgzs(a3) = Tsro(az) = zs5(az). That is,
zo fixes z5(a3). Further, since z5 fixes o; but not a; we have a 7-
arc [0] = (z5(a3), T5(a2), a1, 0. 03,04, a5.06) in I'. The three vertices
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adjacent to a; are ag,az and zs(as), and since zg fixes ag,a; and as
it must fix z5(a2) also. Consequently zq fixes the whole 7-arc [], and
this contradicts Proposition 18.1. Hence t = 7 cannot occur. O

Goldschmidt (1980) proved an important extension of this result.

The simplest example of a 5-transitive cubic graph is constructed as
follows. Let the symmetric group Sg act on the 6 symbols {q, b, ¢, d, e, f},
and take the vertices of a graph 2} to be the 15 permutations of shape
(ab) and the 15 permutations of shape (ab)(cd)(ef). Join two vertices
by an edge if and only if the corresponding permutations have different
shape and they commute. For instance, (ab) is joined to the vertices
(ab)(cd)(ef), (ab)(ce)(df) and (ab)(cf)(de), while (ab)(cd)(ef) is joined
to (ab), (cd) and (ef). Clearly, any automorphism of the group Sg is an
automorphism of €2, and so

|Aut(Q)| = |AutSs| = 1440 = 30 x 3 x 24,
as we expect for a 5-transitive cubic graph with 30 vertices. We can
verify that € is indeed 5-transitive by working out generators in terms
of the following 5-arc:

(ab), (ab)(cd)(ef), (cd), (ae)(bf)(cd), (ae), (ae)(bd)(cf).
If r is an element of Sg, denote the corresponding inner automorphism
(conjugation) of Sg by |w|. Then the generators for the stabilizer se-
quence may be chosen as follows:

Io = ‘(Cd)|’ Iy = l(ab)(Cd)(ef)lv I2 = I(ab)l’
z3 = |(ab)(cf)(de)|, x4 = |(cf)I.
The groups which occur in the stabilizer sequence are
F5=S4XZQ, F4:D8 XZQ, F3 = (22)3,
Fy, = (Z,)*, F,=1Z,.
Finally, we may choose x5 so that G* = (zg,...,zs) is isomorphic to
Se, and so |G : G*| = 2 in accordance with the fact that the graph is

bipartite.
Additional Results

18a A non-bipartite 5-transitive cubic graph A 5-transitive cubic graph
with 234 vertices, which is not bipartite, can be constructed as follows.
The vertices correspond to the 234 triangles in PG(2, 3) and two vertices
are adjacent whenever the corresponding triangles have one common
point and their remaining four points are distinct and collinear. The
automorphism group is the group Aut PSL(3, 3), of order 11232 = 234 x
3 x 24,
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18b The sextet graphs (Biggs and Hoare 1983) Let g be an odd prime
power. Define a duet to be an unordered pair of points ab on the pro-
jective line PG(1,q) = GF(q) U {>}, and a quartet to be an unordered
pair of duets {ab | cd} such that the cross-ratio

(a—c)(b-d) 3

(a—d)b-¢c)
(The usual conventions about co apply here.) A sextet is an unordered
triple of duets {ab | c¢d | ef} such that each of {ab | cd}, {cd | ef} and
{ef | ab} is a quartet. There are q(g° — 1)/24 sextets if ¢ = 1 (mod 4),
and none if ¢ = 3 (mod 4).

When ¢ = 1 (mod 8) it is possible to define ‘adjacency’ of sextets
in such a way that each sextet is adjacent to three others. Thus we
obtain a regular graph ¥(¢) of degree 3, whose components ¥(g) are all
isomorphic. The sextet graph S(p) is defined to be Lo(p) if p =1 (mod
8) and X4(p?) if p = 3,5,7 (mod 8).

The sextet graphs S(p) so defined form an infinite family of cubic
graphs, one for each odd prime p. The graph S(p) is 5-transitive when
p = 3 or 5 (mod 8), and 4-transitive otherwise. The order of S(p)
depends on the congruence class of p modulo 16, as follows:

n= :ilgp(p2 —1) when p=1,15 (mod 16);

n = §1—zip(p2 —1) when p=79 (mod 16);

1
n = ﬁp?(p4 —1) when p=3,511,13 (mod 16).

The group AutS(p) is PSL(2,p), PGL(2,p), PTL(2,p?) in the respec-
tive cases. The two smallest 5-transitive sextet graphs are S(3), which is
isomorphic to the graph {2 described above, and S(5), which is a graph
with 650 vertices.

18c Conway’s presentations and the seven types Given an arbitrary ¢-
arc [a]. let a and b denote the automorphisms taking [a] to its successors
(so a = g, and b = g, in the notation described at the beginning of this
chapter). Also, let o be the automorphism which reverses [a]; that is,
ola;) =, (0<i<t).

Since we know that Aut(I') acts regularly on the t-arcs, it follows that
o? is the identity and cac is either a=! or b~ 1. We denote the case when
cac = a~! by t* and the case when cac = b~ ! by t~. It turns out that
the t* case can occur only when t = 2,3,4,5 and the t~ case only when
t=1,24.

In each of the cases it can be shown, by analysis of the action of
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& combinations PSP NP e S P P
suitable combinations of a,b and ¢ on |a], that certain relations must
or e e

hold in Aut(F) example, in the 2% case these relations ar
=1, (ca)? =1, (6b)? =1, (a7 1) = 1, aboa® = b2
In the 5% case they are:
2=1,(ca)® =1, (gb)’ =1, (a'0)? =1, (a”?p?)? =1,
(a3%)? =1, a*b*a* = ba’b, a*boa® = ba’s.
Let us denote the groups generated by a, b and o, subject to the
appropriate relations, by
Gy,Gf,GH GY,Gy,G5,G;.
Each of these groups is an infinite group of automorphisms of the infinite
cubic tree T3, acting regularly on the t-arcs, for the relevant value of ¢,
and they are the only such groups, up to conjugacy in Aut(73). More
detailed information about the seven groups, using different presenta-
tions, is given by Djokovi¢ and Miller (1980), and Conder and Lorimer
(1989).

18d Finite cubic graphs and groups Any group acting regularly on the
t-arcs of a finite cubic graph I' is a quotient of one of the seven groups in
18c. The quotient is defined by adding relations which represent cycles
in [, a cycle of length [ in I corresponding to a word of length { in a and
b which represents the identity. For example, adding the relation a* = 1
to the relations for G5 defines a group G (a*). This is the group of the
cube (3, as can be verified by showing that the permutations

a = (1234)(5678), b= (123785)(46), o = (13)(57),

satisfy the defining relations for G5 (a) and represent automorphisms
of Q3 acting in the prescribed way on the 2-arc (1, 2,3) (see Figure 14).

18e Coset enumeration  In the notation of the Conway presentations,
the stabilizer of a t-arc is
Fr={a""b"]i=1,2,...,t).

If G is a quotient of G} or G;, then the index |G : F,| is the cardinality
of a cubic graph for which G is a ¢-transitive group of automorphisms.
The index may be finite or infinite, but if it is finite the method of coset
enumeration will (in principle) determine its value. This is a power-
ful method for constructing finite ¢-transitive cubic graphs. See Biggs
(1984a) for further details.

18f The structure of a stabilizer sequence The groups occuring in the
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stabilizer sequence are determined up to isomorphism, as in the

A5 REASE T e

followino
ollowing

table. (Note that when ¢ = 2,4 both the t* and t~ cases can occur, but
the abstract groups are the same.)

A 5 E3 Ey Fy

1 Zs

2 Z, S3

3 Z, (Zy)* Dy,

4 ZQ (ZQ)Q Dg 54

o ZQ (12)2 (22)3 Dg X Zg 54 X Zg.

18g Symmetric Y and H graphs Let Y and H denote the trees whose
pictorial representations correspond to the respective letters. Both of
these trees have vertices of degree 1 (leaves) and 3 only. Given any such
tree T" we can form an ezpansion of T by taking a number n of disjoint
copies of T and joining each set of corresponding leaves by a cycle of
length n; each cycle has a constant ‘step’, and different cycles will in
general have different steps. For example, when T" = K,, we get the
graphs P(n,t) described in 15e by joining one set of leaves with step 1
and the other set with step ¢.

Clearly an expansion of T is a cubic graph. The result quoted in 15e
implies that only seven expansions of K, are symmetric. Horton and
Bouwer (1991) showed that there are only six other expansions which
are symmetric. Four of them are expansions of Y: n = 7, steps 1,2,4;
n = 14, steps 1,3,5; n = 28, steps 1,3,9; n = 56, steps 1,9,25. The
other two are expansions of H: n = 17, steps 1,2,4,8; and n = 34, steps
1,9,13,15.

18h Foster’s census of symmetric cubic graphs (More details and bibli-
ographical references relating to the following sketch are given by Bouwer
(1988).) In 1920 two electrical engineers, G.A. Campbell and R.M. Fos-
ter, wrote a paper in which the graph K3 3 was used in the context of
‘telephone substation and repeater circuits’. Twelve years later Foster
published drawings of nine symmetric cubic graphs. He continued to
work on the subject, and in 1966 he spoke at a conference at the Uni-
versity of Waterloo, where he distributed a mimeographed list of such
graphs with up to 400 vertices. In 1988, when Foster was just 92. Bouwer
and his colleagues published Foster’s census for graphs with up to 512
vertices. Remarkably, only five graphs (out of 198) are known to have
been missed by Foster, and workers in this field are convinced that there
can be very few others, if any.
The graphs with n < 30 vertices are as follows.
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K4, K33, 3, Petersen’s graph, Heawood’s graph S(7), P(8, 3)
(see 15e), the Pappus graph (see 19h), P(10, 3) or the Desargues
graph (see 19b), the dodecahedron, P(12,5), Y(7 : 1,2,4) (see
18g), and 2 = S(3).

18i All 5-transitive cubic graphs with less than 5000 vertices  Coset
enumerations based on the Conway presentations and other techniques
have established that the following list of 5-transitive cubic graphs with
n < 5000 vertices is ‘almost certainly’ complete.

n = 30: the sextet graph S(3), group G4 (a®);

n = 90: a threefold cover of S(3) (see 19c), group G; (b!%);

n = 234: the graph described in 18a, group Gy (a'3);

n = 468: a double covering of the previous graph, group G4 (b2);

n = 650: the sextet graph S(5), group G3 (a'?);

n = 2352: a graph to be described in 19e, group G (a'?);

n = 4704: a double covering of the previous graph, group G2 ((ab)?).

18j The symmetric group Sig is a quotient of GF (Conder 1987) The
following permutations of {1,...,9, X} satisfy the Conway relations for
G¥, as given in 18c:

a = (12)(34675)(89.X), b= (1246853)(79X), o = (12)(34)(56)(9X).

Since these permutations generate the symmetric group Sjg, it follows
that there is a 5-transitive cubic graph with 10!/48 = 75600 vertices.
The graph can be constructed in a way which shows that it is closely
related to the simplest 5-transitive cubic graph, the graph 2 = S(3)

(Lorimer 1989).
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‘The covering graph construction

In this chapter we shall study a ‘covering graph’ technique which, in
certain circumstances, enables us to manufacture new symmetric graphs
from a given one. The method was first used in this context by J.H. Con-
way, who used the simple version discussed in Theorem 19.5 to show that
there are infinitely many connected cubic graphs which are 5-transitive.
The general version given here was developed in the original 1974 edi-
tion of this book, and has since found several other applications, some of
which are described in the Additional Results at the end of the chapter.
The related technigne of ‘voltage-graphs’ (see Gross 1974) is much used
in the theory of graph embeddings.

We shall use the symbol ST to denote the set of 1-arcs or sides of a
graph I'; each edge {u,v} of I' gives rise to two sides, (u.v) and (v, u).
For any group K. we define a K-chain on I to be a function ¢ : ST — K
such that ¢(u,v) = (¢(v.u)) ! for all sides (u, v) of T .

Definition 19.1 The covering graph [ = F(K, @) of I', with respect
to a given K-chain ¢ on I'. is defined as follows. The vertex-set of I is
K x VT, and two vertices (k1,11), (k2. v2) are joined by an edge if and
only if

(vi,v2) € ST and k2 = k1¢(v1.12).

It is easy to check that the definition of adjacency depends only on the
unordered pair of vertices.
As an example let I' = A7y, and let K be the group Z, whose elements
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(1, d)

\\ (z, b)

b d (1, a)
r I

Figure 15: Q3 as a double covering of Kjy.

are 1 and z; the function ¢ which assigns z to each side of K4 is a Z,-
chain on K4. The covering graph f'(lg, ¢) is isomorphic to the cube @3,
as depicted in Figure 15.

Suppose that a group G acts as a group of automorphisms of a group
K that is, for each ¢ in G we have an automorphism ¢ of K such that
the function g — § is a group homomorphism from G to AutK. In this
situation we define the semi-direct product of K by G, denoted by K XG,
to be the group whose elements are the ordered pairs (k, g), with the
group operation given by

(K1, 91) (K2, g2) = (k11(K2), 9192)-

Let " be a graph, ¢ a K-chain on I', and let G = Aut(I'). Then G
acts on the sides of I' by the rule g(u,v) = (g(u), g(v)), and we may
postulate a special relationship between the action of G on K and its
action on ST
Definition 19.2 The K-chain ¢ is compatible with the given actions
of G on K and ST, if the following diagram is commutative for each g
in G.

sT % K
s
st % K

Proposition 19.3  Suppose that I is a graph whose automorphism
group G = Aut(I') acts as a group of automorphisms of a group K.
Suppose further that there is a K-chain ¢ on I' which is compatz'ble with
the actions of G on K and ST'. Then the semi-direct product KXG is a
group of automorphisms of the covering graph I = F(K ®).
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Proof Define the effect of an element (x, g) of K xG on a vertex {x

of T by the rule
(5, g) (&', v) = (r§(K"), g(v)).

Using the definition of compatibility, a smlple calculation shows that
this permutation of VT is an automorphism of T. O

The usefulness of the covering graph construction lies in the fact that
a much stronger version of Proposition 19.3 is true.

Proposition 19.4  With the notation and hypotheses of Proposition
19.3, suppose also that G is transitive on the t-arcs of I'. Then KXG is
transitive on the t-arcs of I.

Proof Let ((xo,v0),..., (K¢, ve)) and ((kg, vg), ..., (K}, v))) be two t-
arcs in I'. Then (v, . .., v,) and (vg,- . .,v;) are t-arcs in I', and so there
is some g in G such that g(v,) = v, (0 < i < t). Suppose we choose
k* in K such that (k*,g) takes (xg,vg) to (kg,vg); that is, we choose
~!. Then we claim that (k*, g) takes (ki,v,) to (i, v!)

17 1

*

K* = Ko(g(ro))
for all : € {0,1,...,t}.

The claim is true when i = 0, and we make the inductive hypothesis
that it is true when ¢ = j — 1, so that

(K;—lvv;—l) - (K*’g)(ﬂj—l’v]—l) = (K'Q(qu),g('u]_l)).
Since (k;,v,) is adjacent to (k,_1,vj_1) we have k, = k,_,d(v,_1,v,).
and the corresponding equation holds for the primed symbols as well.
Thus:

’

K, = w5 0 . v)) = K"3(k;-1)8(9(v, 1), g(v;))
= £"g(k;j-1)9(3(v;-1,v;)) = £*G(Kj-16(v,-1,7;))

= FL*Q(K.‘]’).
Consequently, (x*, g) takes (x;,v;) to (k},1)), and the result follows by
the principle of induction. 0

The requirement that a compatible K-chain should exist is rather
restrictive. In fact, for a given graph I' and group K, it is very likely that
the only covering graph is the trivial one consisting of |K| components
each isomorphic with I'. However, it is possible to choose K (depending
on I') in such a way that a non-trivial covering graph always exists.

Let us suppose that a t-transitive graph I' is given. We define K to be
the free Z;-module on the set ET'; thus, K is the direct product of |ET)]
copies of Z,, and its elements are the formal products He;',("), where
og(a) =0 or 1 and the product is over all e, in ET". The automorphism
group G = Aut(I') acts on K through its action on ET, and furthermore



152 Symmetry and regularity

there is a K-chain ¢ on I' defined by the rule ¢(u,v) = e,, where e, =
{u,v} regarded as an element of K. This K-chain is compatible with
the actions of G on K and ST, and so the covering graph r = f‘(K, ?)
exists and (by Proposition 19.4) its automorphism group is transitive on
t-arcs. O

Theorem 19.5 Let I' be a t-transitive graph whose rank and co-rank
are r(I') and s(T'). Then, with the special choices of K and ¢ given above,
the covering graph T consists of 2"(") connected components, each having
25OV vertices.

Proof Pick a vertex v of I', and let fo denote the component of r
which contains the vertex (1,v). If

U = Ug,Ul,..., U =V
are the vertices of a cycle in I', with edges e, = {u;_1,u,} , then we have
the following path in I'y:
(L,v), (e1,uy), (ere2,u2), ..., (erea...e;,v).

Conversely, the vertex (x,v) is in fo only if k represents the edges of a
cycle in I'. Since there are s(I') mdependent cycles in T, there are 2%(T)
elements « in K such that (k,v) is in I'g. It follows that [ has 250 |V
vertices; further, I' is vertex-transitive and so each component has this
number of vertices. Finally, since

VL] = |K||VD| = 2'EY\vT| and #(T) + s(I') = |ET],

there must be 27() components. 0

Corollary 19.6  There are infinitely many cubic 5-transitive graphs.

Proof We know that there is at least one cubic 5-transitive graph,
the graph €2 constructed at the end of the previous chapter. Applying
the construction of Theorem 19.5 to §2, we obtain a cubic 5-transitive
graph Qo with 25|V Q| vertices, and since s(Q) > 0 this graph is not
isomorphic with 2. We may repeat this process as often as we please,
obtaining an infinite sequence of graphs with the required properties.
O

Of course the number of vertices used in Corollary 19.6 quickly be-
comes astronomical; for instance, the two graphs which follow Q in the
sequence have about 22! and 2!90900 vertices respectively. Biggs and
Hoare (1983) have given an explicit construction for infinitely many cu-
bic 5-transitive graphs which involves much smaller numbers (see 18b).
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Additional Results

19a Double coverings Let G be the automorphism group of a con-
nected graph I', and let G act on the group Z, by the rule that § is the
identity automorphism of Z, for each g in G. Then the Z,-chain ¢ on '
which assigns the non-identity element of Z, to each side of I is compat-
ible with the actions of G on ST and Z,. The covering graph f(lg, ®)
is connected if and only if T' is not bipartite. For example, applying the
construction to the graph with 234 vertices described in 18a we get a
connected 5-transitive cubic graph with 468 vertices.

19b The Desargues graph  The construction of 19a applied to Pe-
tersen’s graph results in a cubic 3-transitive graph with 20 vertices. The
vertices of this graph correspond to the points and lines in the Desargues
configuration, with two vertices being adjacent if they correspond to an
incident (point, line) pair. This graph was described by Coxeter (1950),
together with several others derived from geometrical configurations.

19c A threefold covering of S(3) The second 5-transitive cubic graph
in order of magnitude is a graph with 90 vertices which is a threefold
covering of the sextet graph S(3) (see 18i). Ito (1982) constructed an
explicit Zz-chain on S(3), which shows that the graph is a covering graph
of S(3) in the sense of this chapter.

19d Another covering construction for 5-transitive cubic graphs Sup-
pose that I' is a cubic graph and G = Aut([') is a group of type 4.
Then the automorphism a~!b fixes the vertices oy, a1, ag, and ag of the
basic 4-arc {a], and (because the degree is 3) it must fix the other ver-
tices 3y, 02 adjacent to ai,as respectively. By considerations of order
we see that this is the only non-identity automorphism with this prop-
erty. So for each ¢ = {v,w} € ET the group L, has order 2; in other
words, there is a unique involution j. which fixes e and the four vertices
adjacent to e. The involutions j. generate the group G* (Proposition
18.2) which is normal, of index 1 or 2 in G. Consequently G acts by
conjugation as a group of automorphisms of G*.
If we take K = G* and define a K-chain on I' by

¢(U’ w) = Je,
then the compatibility condition is satisfied and, by Proposition 19.4,
we have a graph [ on which K XG acts 4-transitively. However, there is

a bonus. As shown by Biggs (1982b) there is an ‘extra’ automorphism
I', so that T is in fact a 5-transitive graph.
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18%e A 5-trunsitive cubic graph with 2352 vertices The simplest case
of 19d is when I' = §(7), a graph with 14 vertices also known as the
Heawood graph. In this case both I' and its 5-transitive covering graph T
with 2352 vertices can be constructed directly in terms of the seven-point
plane PG(2,2) (Biggs 1982a).

19f Conway generators for the covering graph Let a be the Conway
generator for the t-transitive group G of I', with respect to the t-arc
[@], and suppose ¢ is a compatible K-chain. Then the corresponding
generator a for the group KXG off(K, @) is (A, a), where A = ¢(ag, ay).

19g Homological coverings Let I' be a graph with co-rank s and let R
be aring. The ‘first homology group with coefficients in R’ of a graph I is
the direct product R® of s copies of R. (This a just a mild generalization
of the cycle space defined in Chapter 4.) The functorial properties of
homology imply that the automorphism grouvp of I' acts as a group of
automorphisms of the homology group, and so a covering graph T can be
constructed using K = R°. Biggs (1984b) gave an explicit form of this
construction and showed that when R = Z the number of components
of T is equal to the tree-number of T.

19h The Pappus graph  In the homological covering construction, take

R = Z3 as the coefficient group and I' = K33, so that s = 4 and
K = Z3. The covering graph in this case has 27 components, each

with 6 x 3%/27 = 18 vertices. Each component is a copy of the Pappus
graph, whose vertices correspond to the points and lines of the Pappus
configuration, with adjacent vertices corresponding to an incident (point,
line) pair. See also Coxeter (1950).
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Distance-transitive graphs

In Chapter 15 a connected graph I' was defined to be distance-transitive
if, for any vertices u, v, z,y of I satisfying d(u,v) = 8(z,y), there is an
automorphism g of I' which takes u to z and v to y.

Fo(v) Ty (v) [a(v)

Figure 16: a distance-partition of K3 3.

It is helpful to recast the definition. For any vertex v of a connected
graph I we define

I(v) ={ue VI [d(u,v) =i},

where ¢ is a non-negative integer not exceeding d, the diameter of I'. It
is clear that I'g(v) = {v}, and VT is partitioned into the disjoint subsets
Lo(v)....,T4(v), for each v in VI'. Small graphs may be depicted in a
manner which emphasises this partition by arranging their vertices in
columns, according to distance from an arbitrary vertex v. For example,
K3 3 is displayed in this way in Figure 16.
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Lemma 20.1 A connected graph I' with diameter d and automor-
phism group G = Aut(Tl") is distance-transitive if and only if it is vertez-
transitive and the vertez-stabilizer G, is transitive on the set I';(v), for
each i€ {0,1,...,d}, and each v € VT.

Proof Suppose that I' is distance-transitive. Taking u =v and z =y
in the definition (as given above), we see that I' is vertex-transitive.
Taking y = v, we see that G, is transitive on I';(v) (0 <7 < d).
Conversely, suppose vertices u,v,x,y are given such that d(u,v) =
O(z,y) = i. Let g be an automorphism such that g(v) = y and let
h € G, be such that h(g(u)) = z. Then hg takes u to z and v to y.
O

As we shall see, the adjacency algebra (defined in Chapter 2) plays a
major part in the study of distance-transitive graphs. In preparation for
the algebraic theory we begin by investigating some simple combinatorial
consequences of the definition.

For any connected graph I', any vertices u,v of I', and any non-
negative integers h and i, define sp;(u,v) to be the number of vertices
of T whose distance from u is h and whose distance from v is i. That is,

shi(u,v) = [{w € VT' | 8(u,w) = h and 0(v,w) = i}|.
In a distance-transitive graph the numbers Sh.(u, v) depend, not on the
individual pair (u,v), but only on the distance d(u,v). So if (u,v) = j
we shall write

Shiy = Shi(u, v).

Definition 20.2 The intersection numbers of a distance-transitive
graph with diameter d are the numbers s,;;, where k,7 and j belong to
the set {0,1,...,d}.

Clearly there are (d + 1) intersection numbers, but it turns out that
there are many identities relating them; and in due course we shall show
that just 2d of them are sufficient to determine the rest.

Consider the intersection numbers with A = 1. For a fixed j, 8,5 is
the number of vertices w such that w is adjacent to v and d(v,w) = 1,
when d(u,v) = j. Now, if w is adjacent to u and 8(u,v) = j, then
d(v, w) must be one of the numbers j — 1,7, 7 + 1; in other words

311‘3-‘—‘:0 if 2#]—1,]]'{'1
More generally, spi; = 0 if the largest of h,1, j is greater than the sum
of the other two.
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For the intersection numbers s1;; which are n
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shall use the notation

C; =S15-15 @ =S155 by = 81541

where 0 < j < d, and it is convenient to leave ¢y and b; undefined.
The numbers c;, aj, b; have the following simple interpretation in terms
of the diagrammatic representation of I' introduced at the beginning of
this chapter. If we pick an arbitrary vertex v and a vertex u in I',(v),
then u is adjacent to c, vertices in I';_;(v),a; vertices in T';(v), and b,
vertices in I'j+1(v). These numbers are independent of v and v, provided
that d(u,v) = j.

Definition 20.3 The intersection array of a distance-transitive graph
is

* Ci N Cy e Cd
L(F) = a ay ... a ... Qa4
bo b1 e bj NN *

For example, consider the cube )3, which is a distance-transitive
graph with diameter 3. From the representation in Figure 17 we may
write down its intersection array.

1(Q3) =

w O ¥
N O =
- O N
*¥ O W

Figure 17: Q)3 as a distance-transitive graph.

We observe that a distance-transitive graph is vertex-transitive, and
consequently regular, of degree k say. Clearly we have by = k and
agp = 0,c; = 1. Further, since each column of the intersection array
sums to k, if we are given the first and third rows we can calculate
the middle row. Thus it is both logically sufficient and typographically
convenient to use the alternative notation

L(F) = {k,bl,...,bd__l;].,CQ,...,Cd}.

However, the original notation of Definition 20.3 is intuitively helpful,
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Many well-known families of graphs are distance-transitive, although
this apparent profusion of examples is rather misleading, because the
property is, in some senses, very rare. The complete graphs K, and the
complete bipartite graphs K ; are distance-transitive. Their diameters
are 1 and 2 respectively, and the intersection arrays are:

* 1 * 1 k
L(Kn) = 0 n—2,, L(Kk,k) = 0 0 0
n-—1 * k k-1 +«

The triangle graphs A; = L(K;) (p. 21) are distance-transitive, with
diameter 2, and for ¢t > 4:
* 1 4
L(Ag) = 0 t—2 2t—38
20-4 t—-3 *
Many other distance-transitive graphs will be described in the following
chapters.

Denote by k; (0 < ¢ < d) the number of vertices in I';(v) for any
vertex v; in particular kg = 1 and &k = k.

Proposition 20.4 Let T be a distance-transitive graph whose intersec-
tion array is {k,by,...,bg_1;1,¢2,...,cq}. Then we have the following
equations and inequalities:

(1) kz—lbz——l = k,Cl (1 S z S d)

(2)1<cp<e3<... . Zcq.

3)k>bi>2by>...2bg-1.

Proof (1) Forany vin VT, there are k;_; vertices in I';_; (v) and each
is joined to b, vertices in I';(v). Also there are k; vertices in I';(v) and
each is joined to c, vertices in I',_;(v). Thus the number of edges with
one end in I';_;(v) and one end in I',(v) is k;—1b;—1 = k,c;.

(2) Suppose v is in I'; 1 1(v) (1 < ¢ <d-1). Pick a path v, z,...,u of
length i+1; then 8(z,u) = ¢. fwisin[';_;(z)NT1(u), then 8(v, w) =1,
and so w is in I';(v) NIy (u). It follows that

c, = |To1(x) NT(u)] < T (v) Ny (u)] = gy
(3) This is proved by an argument analogous to that used in (2). . O
Proposition 20.4 provides some simple constraints which must be sat-

isfied if an arbitrary array is to be the intersection array of some distance-
transitive graph. We shall obtain much more restrictive conditions in the
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next chapter. However, in order to derive these conditions, we need not
postulate that the graph is distance-transitive, but merely that it has
the combinatorial regularity implied by the existence of an intersection

array. This is the justification for the following definition.

Definition 20.5 A distance-regular graph is a regular connected graph
with degree k and diameter d, for which following holds. There are
natural numbers

b():k, bla-”)bd-—]’ 01:15 C2,...,Cd,
such that for each pair (u,v) of vertices satisfying 9(u, v) = j we have

(1) the number of vertices in I'; _; (v) adjacent to uis ¢, (1 < j < d);
(2) the number of vertices in I'; 11 (v) adjacent to uis b, (0 < j < d-1).

The array {k,b1,...,ba—1;1,c2,...,cq} is the intersection array of T.

Note that a distance-regular graph with diameter d = 2 is simply a
strongly regular graph, as defined in 3c. In terms of the general defini-
tion, the parameters a and c of a strongly regular graph are given by
a=k—1-b; and c = c5.

It is clear that a distance-transitive graph is distance-regular, but the
converse is not true. Although many ‘familiar’ examples of distance-
regular graphs are distance-transitive, it is possible to construct arbi-
trarily large families of distance-regular graphs which are not distance-
transitive. Several examples will be given in the course of the following
chapters.

We shall now construct a basis for the adjacency algebra of a distance-
regular graph. Given a graph I' with vertex-set {v,...,v,} and diame-
ter d, define a set {Ag, A},...,Aq} of nxn distance matrices as follows:

1 if (v, vs) = A
A rs = { Ty VS8 )
(An)rs 0 ‘otherwise.
In particular Ag = I, and A, is the usual adjacency matrix A of I'. We

notice that Ag + A; + ...+ Ag = J, where J is the all-1 matrix.

Lemma 20.6 Let I' be a distance-regular graph and let
{k,by,...,bg_1;1,¢ca,...,cq}
be its intersection array. For 1 <i < d-1, definea; = k—b; —c,; then
AA,=b,_ 1A 1 +a A +cinmAiy (1<i<d-1).
Proof From the definition of A and A, it follows that (AA;),s is
the number of vertices w of I such that d(v,.,w) = 1 and 9(vs,w) =

i. If there are any such vertices w, then (v, vs) must be one of the
numbers ¢ — 1,1,7 + 1, and the number of vertices w in these three cases
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is b;_1,@,,cit+1, respectively. Thus (AA;).s is equal to the (r, s)-entry
of the matrix on the right-hand side. 0

Theorem 20.7 (Damerell 1973)  Let T' be a distance-reqular graph
with diameter d. Then {Ao,A1,...,Aq} is a basis for the adjacency
algebra A(T'), and consequently the dimension of A(I') is d + 1.

Proof By recursive applications of the lemma we see that A; is a
polynomial p,(A), for i = 2,...,d. The form of the recursion shows
that the degree of p; is at most i, and since Ag, Ay,..., Ay are linearly
independent (exactly one of them has a non-zero entry in any given
position) the degree of p; is exactly 1.

Since Ag + A1+ ...+ Ay =J and T is k-regular we have

(A-kD(Ag+A;+...+Ay) =0,

The left-hand side is a polynomial in A of degree d+ 1, so the dimension
of A(T') is at most d+ 1. However, since {Ag, Ay,...,Aq} is aset of d+1
linearly independent members of A(T'), it is a basis, and the dimension
is equal to d + 1. O

It follows from Theorem 20.7 that a distance-regular graph has just
d + 1 distinct eigenvalues, the minimum number possible for a graph of
diameter d. These eigenvalues, and a remarkable formula for calculating
their multiplicities, form the subject of the next chapter.

The full set of (d + 1) intersection numbers can be defined for a
distance-regular graph; this is a trivial remark for a distance-transitive
graph, but it requires proof in the distance-regular case. In the course
of the proof we shall relate these intersection numbers to the basis
{Ag,A,,...,Aq} of A(T).

Proposition 20.8 Let I" be a distance-reqular graph with diameter d.
(1) The numbers s;n(u,v), h,t € {0,1,...,d}, depend only on 8(u,v).
(2) If spi(u,v) = Spi, when O(u,v) = j, then

d
ArA, =) sniA;.
| =0

Proof We prove both parts in one argument. Since {Ag, Ay,...,Ag}
is a basis for A(T"), the product A, A, is a linear combination ) ts;; A,.
Now

(AhAz)rs = shz(vra vs)a

and there is just one member of the basis whose (7, s)-entry is 1: it
is that A, for which O(v,,vs) = j. Thus ski(ve,vs) = thi;, and so
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sh.(vr, vs) depends only on O(v,,v,). Further, the coefficient t5,, is just
the intersection number sp,,. 0

At this point a few historical remarks are in order. The theory which
underlies our treatment of the adjacency algebra of a distance-regular
graph was developed in two quite different contexts. First, the associ-
ation schemes used by Bose in the statistical design of experiments led
to an association algebra (Bose and Mesner 1959), which corresponds
to our adjacency algebra. Bose and others also studied strongly regular
graphs which, as we have noted, are just distance-regular graphs with
diameter 2. Secondly, the work of Schur (1933) and Wielandt (1964) on
the commuting algebra, or centralizer ring, of a permutation group, cul-
minated in the paper of Higman (1967) which employs graph-theoretic
ideas very closely related to those of this chapter. The discovery of
sporadic simple groups as the automorphism groups of strongly regu-
lar graphs (for example by Higman and Sims (1968)) gave a powerful
impetus to work in this area. The formulation in terms of the proper-
ties of distance-transitivity and distance-regularity was developed by the
present author and some of his colleagues in the years 1969-1973, and
a consolidated account appeared in the first edition of this book (1974).
In the last twenty years an extensive literature has been accumulating.
The reader is referred to the now-standard text of Brouwer, Cohen and
Neumajer [BCN}, which admirably covers the state of the art up to 1989,
and contains a bibliography of 800 iterns.

Additional Results

20a The cube graphs The k-cube, Q, is the graph defined as follows:
the vertices of Qi are the 2% symbols (e;,€2,...,€x), where ¢, = 0 or
1 (1 <1 < k), and two vertices are adjacent when the symbols differ
in exactly one coordinate. The graph Qj (k > 2) is distance-transitive,
with degree k and diameter k, and the intersection array is

{k,k—1k—-2...,1;1,2,3,... k}.

20b The odd graphs yet again  The odd graphs Oy (k > 2) are distance-
transitive, with degree k and diameter k — 1. The intersection array, in
the cases k = 2/ — 1 and k = 2l respectively, is

{2l—1,20-220—2, ... 1+ 1,1+1,1; 1,1,2,2,... .1 —1,1 =1},
{20,20—1,20 -1,... 0+ 1,01+1; 1,1,2,2,...,0— 1,1 1,1}.
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20c A distance-regular graph which is not distance-transitive Let ¥
denote the graph whose vertices are the 26 symbols a;, b; (where 7 is an
integer modulo 13), and in which:

a; and a; are adjacent < |i — j| = 1,3, 4;

b; and b; are adjacent < |i — j| = 2,5, 6;

a; and b; are adjacent < i —35=0,1,3,9.
Then ¥ is distance-regular, with diameter 2, and its intersection array
is {10,6;1,4}. But ¥ is not distance-transitive; in fact there is no au-
tomorphism taking a vertex a; to a vertex b; (Adel'son-Velskii et al.
1969).

20d Strengthening the distance-transitivity condition A connected sim-
ple graph is r-ply transitive if, for any two ordered r-tuples of vertices
(z1,...,2,) and (y1,...,¥yr) satisfying O(z;, x;) = 9(yi,y;) for all 4, j,
there is an automorphism g for which g(z;) = y; (1 <i <r). Clearly, a
1-ply transitive graph is vertex-transitive, and a 2-ply transitive graph
is distance-transitive. Meredith (1976) showed that the only 3-ply tran-
sitive graphs with girth greater than 4 (equivalently ¢; = 1) are the
cycles.

20e 6-ply transitive graphs (Cameron 1980) The following is a com-
plete list of all 6-ply transitive graphs.

(i) The complete multipartite graphs with parts of equal size (including
the complete graphs as the case when the parts have size 1).

(ii) The complete bipartite graphs with the edges of a complete matching
deleted.

(iii) The cycles.

(iv) L(K3,3)-

(v) The icosahedron.

(vi) The graph whose vertices are the 3-subsets of a 6-set, two vertices
being adjacent whenever they have two common members.

20f Strongly regular graphs and partial geometries A partial geometry
pg(s,t,a) is an incidence structure of points and lines such that every
line has s + 1 points, every point is on ¢ + 1 lines, two distinct lines meet
in at most one point, and for every non-incident (point, line) pair (p,{)
there are a lines through p that meet [. The graph whose vertices are the
points, two being adjacent if they are collinear, is strongly regular with
parameters k = s(t+ 1), a =t(a—1)+s—1, c = a(t + 1). Equivalently,
it is a distance-regular graph with intersection array

{s(t+1),(s—a+1)t; 1,a(t+1)}.
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20g Symmetric designs as distance-reqular graphs A symmetric design
with parameters (v, k, A) is a set P of points and a set B of blocks such
that |P| = | B| = v, each block has k points and each point is in k blocks,
and each pair of points is in A blocks. It follows from the definition that
(v—1)A = k(k—1). When A = 1 a symmetric design is called a projective
plane.

The graph whose vertices are the points and blocks of a symmetric
design, two being adjacent when they are incident, is distance-regular

with intersection array
{k,k —1.k— X 1A k}.

For example, when A = 1 we have the incidence graph of a projective
plane; the case k == 3 is Heawood's graph S(7) mentioned in 18h. If
the projective plane is Desarguesian (that is, if it can be coordinatized
using a finite field) then the corresponding graph is distance-transitive.

20h The classification problem for DT and DR graphs For each k > 3
there are only finitely many DT graphs with degree k. This has been
proved in several ways: see Cameron (1982) and Weiss (1985), for ex-
ample. For DR graphs the result has been established only in the case
k = 3 (Biggs, Boshier and Shawe-Taylor (1986); see 21i).

For the general DR case the problem is to find an upper bound for
the diameter d in terms of k. Such a result could be regarded as a
strengthening of the monotonicity conditions (2) and (3) of Proposition
20.4, in which we seek to bound the number of repeated values among
the columns (c,, a;, b,) of the intersection array. An important result on
these lines was obtained by Ivanov (1983).
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Feasibility of intersection arrays

In this chapter we shall study the following question. Suppose that an
arbitrary array of integers {k,by,...,bg—1;1,c2,...,cq} is given: when
is there a distance-regular graph with this as its intersection array?

The results obtained in the previous chapter provide some simple nec-
essary conditions. For example, part (1) of Proposition 20.4 yields an
explicit formula for the numbers k; = |T';(v)|:

ki = (kb] . .bl..l)/(CQCg...Ci) (2 _<_ i S d)

These numbers must be integers, so we have a non-trivial constraint on
the intersection array. Similarly, the monotonicity conditions in parts
(2) and (3) of Proposition 20.4 must be satisfied.

There are also some elementary parity conditions. Let n = 1 + k; +
...+ kq be the number of vertices of the putative graph, then if k is odd,
n must be even. That is, nk = 0 (mod 2). Similarly, considering the
induced subgraph defined by the vertices in I';(v), we see that k;a; =0
(mod 2) for 1 €7 <d, wherea; =k —b;, — ¢;.

These conditions are quite restrictive, yet they are satisfied by many
arrays which are not realised by any graph. For example, {3,2,1;1,1,3}
passes all these tests, and would represent a graph with degree 3, diam-
eter 3, and 12 vertices. In this case, simple (but special) arguments can
be used to prove that there is no graph. The main result of this chapter
is a general condition which rules out a multitude of examples of this
kind.

Recall that the adjacency algebra A(T") of a distance-regular graph I’
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has as a basis the d+1 distance matrices {Ao, Ay,..., Ay}, which satisfy
ArA, =) snjA;. This equation can be interpreted as saying that left-
multiplication by A, regarded as a linear mapping of A(T") with respect
to the given basis, is faithfully represented by the (d+1) x (d+ 1) matrix
B, defined by
(Br)i; = Shij-

(This representation seems natural for our purposes although it is the
transpose of the one most commonly employed. Since the algebra A(T)
is commutative, the difference is immaterial.) The existence of this
representation is sufficiently important to justify a formal statement.

Proposition 21.1  The adjacency algebra A(T') of a distance-regular
graph I' with diameter d can be faithfully represented by an algebra of
matrices with d + 1 rows and columns. A basis for this representation 1s
the set {Bg,B1,...,Bg}, where (Br),; is the intersection number Shij
for h,i,7 € {0,1,...,d}. 0

The members of A(I") can now be regarded as square matrices of size
d + 1 (instead of n), a considerable simplification. What is more, the
matrix B; alone is sufficient. To see this, we notice first that, since
(B1)i; = s1:5, the matrix B, is tridiagonal:

ro 1 7
k a C2
by a
B1 = bg
Cd
L . aql

We shall often write B for B, and refer to B as the intersection matriz
of I'. Note that it is just another way of writing the intersection array.
Now. since the matrices B, are images of the matrices A, under a faithful
representation, the equation obtained in Lemma 20.6 carries over:

BB, =b6_1B,_; +a,B, +c,41B.y1 (1 <2 <d-1).
Consequently each B, is a polvnomial in B with coefficients which de-
pend only on the entries of B. It follows from this (in theory) that A(I)
and the spectrum of I' are determined by B, which in turn is determined
by the intersection array ¢(I'). We shall now give an explicit demonstra-
tion of this fact.

Proposition 21.2  Let I' be a distance-reqular graph with degree k and
diameter d. Then I' has d + 1 distinct eigenvalues k = g, A...., \y.
which are the eigenvalues of the intersection matriz B.
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Proof We noted in Chapter 20 that T' has exactly d + 1 distinct
eigenvalues. Since B is the image of the adjacency matrix A under g
faithful representation, the minimum polynomials of A and B coincide,
and so the eigenvalues of A are the same as those of B. O

Each eigenvalue A, common to A and B, is a simple eigenvalue of B,
since B is a matrix of size d + 1. However, the multiplicity m(}\) of )
as an eigenvalue of A will usually be greater than one, since the sum of
the multiplicities is n, the number of vertices. We shall show how m(\)
can be calculated from B alone.

Let us regard ) as an indeterminate, and define a sequence of polyno-
mials in A, with rational coefficients, by the recursion:

vo(N) =1, wvi(A) = A,

Cit1Vit+1(A) + (@, — A)vi(A) +b,1v;-1(A) =0 (:=1,2,...,d-1).
The polynomial v,(A) has degree ¢ in A, and comparing the definition
with Lemma 20.6 we see that

Ai:vi(A) (z=0,1,,d)

Another interpretation of the sequence {v,(A)} is as follows. If we
introduce the column vector v(A) = [vg(A),v1(A),...,vq(N)]!, then the
defining equations are those which arise when we put vg(A) = 1 and solve
the system Bv()\) = Av(])), using one row of B at a time, and stopping
at row d — 1. The last row of B gives rise to an equation representing
the condition that v(A) is an eigenvector of B corresponding to the
eigenvalue of A. The roots of this equation in A are the eigenvalues
Ao, A1,...,Aq of B, and so a right eigenvector v, corresponding to A,
has components (v;), = v,(A;).

It is convenient to consider also the left eigenvector u; corresponding
to A,; this is a row vector satisfying u,B = A\;u;. We shall say that a
vector x is standard when zg = 1.

Lemma 21.3 Suppose that u; and v, are standard left and right eigen-
vectors corresponding to the eigenvalue A\; of B. Then (v,); = k;(u;);,
foralli,j € {0,1,...,d}.
Proof Each eigenvalue of B is simple, and so there is a one-dimensional
space of corresponding eigenvectors. It follows that there are unique
standard eigenvectors u, and v,. (If (u,)g or (v,)o were zero, then the
tridiagonal form of B would imply that u, = 0,v, = 0.)

Let K denote the diagonal matrix with diagonal entries kg, k), ..., kq.
Using the equations b;_1k,—1 = c;k; (2 <1 < d) we may check that BK
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is a symmetric matrix; that is,
BK = (BK)! = KB'.
Thus, if u;B = A\,u, (0 <1 < d), we have
BKu! = KB‘u! = K(u,B)" = K(A\;ju;)! = \,Ku!.

In other words, Kuﬁ is a right eigenvector of B corresponding to A,. Also
(Ku!)o = 1, and so by the uniqueness of v;, it follows that Ku! = v,.

0

We notice that, when ¢ # [, the inner product (u,, v,) is zero, since
A(u,, vi) = u,Bvy = \(u,, vy).
Our main result is that the inner product with ¢ = [ determines the
multiplicity m(A;).

Theorem 21.4  With the notation above, the multiplicity of the eigen-
value A\, of a distance-regular graph with n vertices is

= <7 < .
m\) = gy 0<i<d)
Proof Fori=0,1,...,d define
d
Li = Z(ul)jAj.
1=0

We can calculate the trace of L; in two ways. First, the trace of A, is
zero (7 #0), and Ay =1, so that

tr(L,) = (u;)o tr(I) = n.
On the other hand, since A; = v,(A), the eigenvalues of A are v,(\q),

...y U;(Aq), with multiplicities m(Ao), ..., m(Aq); consequently the trace
of AJ is Z m(/\l)v] (/\l) Thus

tr(Ly) =Y _(w); Y m(A)(vi),
7 l
= Zm()\l)(uuvl)
l

= m(/\i)(uu vt)a
which gives the required result. 0

In the context of our question about the realisability of a given ar-
ray, we shall view Theorem 21.4 in the following way. The numbers
n/(u,, v,), which are completely determined by the array, represent mul-
tiplicities of the eigenvalues of the adjacency matrix of a supposed graph,
and consequently if there is such a graph, they must be positive integers.
This turns out to be a very powerful condition.
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Definition 21.5 The array {k,by,...,bg—1;1,¢2,...,cq} is feasible if
the following conditions are satisfied.

(1) The numbers k, = (kby ... b,_1)/(cacs...c,) are integers (2 < i < d).
2)k>b>2...2bg-1and 1 <2 £... < cq.

(3) Ifn=14+k+ky+...+kgand a; = k- b; —¢; (1 <1 < d—l)’
aq = k — cq, then nk = 0 (mod 2) and k;a; = 0 (mod 2).

(4) The numbers n/(u;, v;) are positive integers (0 < ¢ < d).

It should be noted that the definition of feasibility given above is
a matter of convention. The conditions stated are not sufficient for
the existence of a graph with the given array, and indeed there are
many other, independent, ‘feasibility’ conditions. Some useful ones are
given in 21c, 21d, and 21e; the standard reference [BCN] provides
a comprehensive treatment. The four conditions which comprise our
definition of feasibility are chosen because they are particularly useful,
and any reasonable way of testing a given array will surely include them.

The four conditions are easy to apply in practice. The calculation of
n/(u,,v,) is facilitated by Lemma 21.3, which implies that

(vi)? |

(v) =3 k(w)y =3

For example, consider the array {3,2,1; 1,1,3} which, as we have al-
ready noted, satisfies the first three conditions. The eigenvalues of B
are 3, —1 and the roots of the quadratic equation A2 + A — 3 = 0. If
@ is one of the quadratic eigenvalues the corresponding eigenvector is
(1,0, -6, —1}%, and the ‘multiplicity’ is

12/ (1+ﬁ+ﬁ+l> =24/(3+6%)=24/(6—0)

1 3 6 2 ’
which is clearly not an integer. Thus there is no graph with the given
array.

For a positive example, consider the array {2r,7 — 11,4} (v > 2),
for which the corresponding B matrix is

0 1 0
2r T 4
0O r—1 2r-4

It is easy to verify that k = 2r, ko = 37(r — 1), n = 3 (r + 1)(r + 2), so
that conditions (1), (2) and (3) of Definition 21.5 are fulfilled.



Feasibility of intersection arrays 169

The eigenvalues of B are A\g = 2r, Ay = r — 2, A2 = -2, and the
calculation of the multiplicities goes as follows:
1 1 1
Vg = 2r o vi=|r—=2), vo= |2
—é—r(r— 1) 1-r 1
1
s(r+ 1)(r +2
m(Ay) = —— = 2 U ) I =7 +1
(ur,vi)  14+(r—=2)2/2r+(1—7)%/5r(r - 1)
Lr+1)(r+2 1
m(Az) = - = 3 ( ) i ) = —(r—1)(r —2).
(ug,vy)  1+4/2r+1/ir(r—1) 2

Since these values are integers, condition (4) is satisfied and the array is
feasible. In fact the array is realized by the triangle graph A, .2, as we
noted in Chapter 20. (The eigenvalues and multiplicities of this graph
were found in a different way in Chapter 3.)

Another exarmnple is the graph ¥ representing the 27 lines on a cubic
surface (Chapter 8, p. 57). This is a distance-regular graph with diam-
eter 2 and intersection array {16,5;1,8}, from which we may calculate

the spectrum:
16 4 -2
Spec ¥ = ( 1 6 20 > .

These examples have diameter 2, and so they are strongly regular
graphs. In that case the multiplicities can also be obtained by more
elementary methods (see 3d). But for a general distance-regular graph
the multiplicity formula is invaluable.

Additional Results

21a The spectra of Qx and the Hamming graphs The eigenvalues of the
k-cube Q) are A\, = k — 2¢ (0 < ¢ < k), with multiplicities m(\,) = (k)

The k-cube is the case ¢ = 2 of the Hamming graph H(d, q). whose
vertices are the q d-vectors with elements in a set of size ¢, two being
adjacent when they differ in just one coordinate. The graph H(d,q) is
distance-transitive, with intersection array

{dlg—1),(d-1)(g-1),...,(g—1); 1,2,...,d}.
The eigenvalues are d(q — 1) — qi, ¢ = 0,1,...,d with multiplicities
(‘f)(q — 1)*. The intersection array determines the Hamming graph
H(d, q) uniquely, except when ¢ = 4; in that case there are other graphs
with the same intersection array [BCN, p. 262].
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—

2ib The specirum of Ur  The eigenvalues of the odd graph Oy are
Ar

=(-1)*(k—-1) (0<i<k-1), and
2k — 1 k-1
o= (- ()
( 1—1
21c Elementary conditions on the intersection array  The following
conditions must be satisfied by the intersection array of any distance-
regular graph. Proofs may be found in Biggs (1976).
(1) Ifa; =0 and as # 0 then as > co.

(2) Ifa; =1 then a; > cs.
(3) If az =2 and k is not a multiple of 3, then ¢ > 2.

21d Integrality of all intersection numbers  Since the matrices B; are
the images of the A; under a faithful representation it follows that they
satisfy the relation B; = v,(B) (0 < i < d). Since (B},);; is the number
Shiy, it follows that each of the matrices computed by means of this
formula must have integral entries.

21e The Krein conditions Define
A,
B, = MM 0<i<a)

where the L, are as in the proof of Theorem 21.4. The E; are mutually
orthogonal, idempotent, and form a basis for the adjacency algebra.
This algebra is closed under the pointwise product o of matrices, because
A,o0A; =6,A;. It follows that there are real numbers gr;; such that

E;o Ej = ZQhUEh-
h

Scott (1973) observed that these Krein parameters must be non-negative.
Thus we have a new set of ‘feasibility’ conditions, which can be stated

explicitly as follows:

d
Ur (AR U~ (X)) U (A
r=0 r
21f An array which is not realisable The array {9,8;1, 4} is feasible
in the sense of Definition 21.5. We have

(M) =1, w1\ =2 va(A) = %(/\2 9,

and the ‘eigenvalues’ are 9,1, —5 with ‘multiplicities’ 1, 21, 6 respectively.
The conditions given in 21c are satisfied, and also 21d since

0 0 0 1
4, Bo=v(B)=|0 8 5
5

0 O =

0
B, =B=|9
0 18 10 12
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hold. An elementary proof that this array is not realisable was given by
Biggs (1970).

21g Feasibility conditions for strongly regular graphs A strongly regu-
lar graph, as defined in 3c, is a distance-regular graph with intersection
array {k,k —a — 1;1,c}. The eigenvalues and their multiplicities can
be computed by the elementary methods described in 3d, or by the
general methods described in this chapter. A good survey is given by
Seidel (1979). In addition to the ‘feasibility’ conditions which hold for
distance-regular graphs in general, there is a useful ‘absolute bound’

1
n < 577"(77' + 3),

where n is the number of vertices and m is the multiplicity of either one
of the eigenvalues A # k. For example, this test shows that the array
considered in 21f is not realisable.

21hThe friendship theorem If, in a finite set of people, each pair of
people has precisely one common friend, then someone is everyone’s
friend. (Friendship is interpreted as a symmetric, irreflexive relation.)
The result may be proved as follows. Let I' denote the graph whose
vertices represent people and whose edges join friends. Then I is either
a graph consisting of a number of triangles all with a common vertex or a
strongly regular graph with intersection array {k,k —2;1,1}. The array
is not feasible, so the first possibility must hold. This is an unpublished
proof of G. Higman; for other proofs see Hammersley (1981).

21i Distance-regqular and distance-transitive graphs with degree 3  Biggs
and Smith (1971) proved that there are exactly 12 distance-transitive
graphs with degree 3. They are: (i) the symmetric cubic graphs with
n < 30 vertices listed in 18h, with the exception of P(8,3) and P(12,5);
(ii) the threefold covering of S(3) with n = 90 vertices described in 19c;
(iii) the expansion of H with n = 102 vertices described in 18g.

Biggs, Boshier and Shawe-Taylor (1986) showed that in the distance-
regular case there is just one other graph. which has 126 vertices (see
23b).

21j Perfect codes in distance-regular graphs The definition of a per-
fect e-code in a graph was given in 3k. Let v;(A) be the polynomials
associated with a distance-regular graph I', and let
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If there is a perfect e-code in T then x.(A) 1s a factor of z4(A) in the ring
of polynomials with rational coefficients. This implies that the zeros of
z.(A) must be eigenvalues of I'. This result was first established by S.p.
Lloyd in the ‘classical’ case of a cube or Hamming graph. Biggs (1973c)
gave a proot for the general distance-transitive case and Delsarte (1973)
proved similar results in a more general context.

21k Sporadic groups and graphs  Several of the sporadic simple groups
can be represented as the automorphism group of a distance-transitive
graph. A typical example is the distance-transitive graph with 266 ver-
tices which has degree 11, diameter 4, and intersection array {11, 10,6, 1,
1,1,5,11}. The automorphism group of this graph is Janko’s simple
group of order 175 560. As usual, the reader should consult [BCN] for a
full account.

211 The permutation character IfI is a distance-transitive graph with
diameter d, then the permutation character x corresponding to the rep-
resentation of Aut(I') on VT is the sum of d + 1 irreducible characters:

x=1l4+x1+4+...+Xx4q

and the labelling can be chosen so that the degree of x; is m(A;) (0 <
t < d). This can be deduced from the results of Wielandt (1964); see

also [BCN, p. 137].
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Imprimitivity

In this chapter we investigate the relationship between primitivity and
distance-transitivity. We shall prove that the automorphism group of a
distance-transitive graph can act imprimitively in only two ways, both
of which have simple characterizations in terms of the structure of the
graph.

We begin by summarizing some terminology. If GG is a group of per-
mutations of a set X, a block B is a subset of X such that B and g(B)
are either disjoint or identical, for each g in G. If G is transitive on X,
then we say that the permutation group (X, G) is primitive if the only
blocks are the trivial blocks, that is, those with cardinality 0, 1 or | X]|.
If B is a non-trivial block and G is transitive on X, then each g(B) is a
block, and the distinct blocks g(B) form a partition of X which we refer
to as a block system. Further, G acts transitively on these blocks.

A graph I' is said to be primitive or imprimitive according as the
group G = Aut(I') acting on VT has the corresponding property. For
example, the ladder graph L3 is imprimitive: there is a block system
with two blocks, the vertices of the triangles in Lj.

Proposition 22.1 Let I' be a connected graph for which the group
of automorphisms acts imprimitively and symmetrically (in the sense of
Definition 15.5). Then a block system for the action of Aut(I') on VT
must be a colour-partition of I.

Proof Suppose that VT is partitioned by the block system
B B® .. BW®,
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Then we may select one block, call it €', and elements g“) in Aut(D

TTTYV

such that
BW =g0Cc1<i<).

Suppose C contains two adjacent vertices u and v. Since I' is symmetric,
for each vertex w adjacent to u there is an automorphism ¢ such that
g(u) = v and g(v) = w. Then u belongs to CNg(C), and C is a block,
so C = ¢g(C) and w belongs to C. Since w was any vertex adjacent to v,
the set I'y(u) is contained in C, and by repeating the argument we can
show that I'y(u), ['s(u), ... are contained in C. Since I is connected, we
have C' = VT. This contradicts the hypothesis of imprimitivity, and so
our assumption that C contains a pair of adjacent vertices is false. Thus
C is a colour-class and since each block B(*) is the image of C under an
automorphism, the block system is a colour-partition. O

This result is false if we assume only that the graph is vertex-transitive,
rather than symmetric. The ladder graph L3 mentioned above provides
a counter-example.

The rest of this chapter is devoted to an investigation of the relation-
ship between primitivity and distance-transitivity. We shall show that,
in an imprimitive distance-transitive graph, the vertex-colouring induced
by a block system is either a 2-colouring or a colouring of another quite
specific kind. .

Lemma 22.2 Let I' be a distance-transitive graph with diameter d,
and suppose B is a block for the action of Aut(T') on VI. If B contains
two vertices u and v such that O(u,v) = j (1 < j < d), then B contains
all the sets T'y;(u), where r is an integer satisfying 0 < rj < d.

Proof Let w be any vertex in I';(u). Since I' is distance-transitive
there is an automorphism g such that g(u) = v and g(v) = w. Thus u
is in BN g(B), and since B is a block, B = g(B) and w is in B. So
I';(u) C B.

If 2 is in I'yj(u), there is a vertex y € I';j(u) for which d(y,2) = j.
Since 9(z,y) = d(u,y), and both u and y are in B, it follows by a
repetition of the argument in the previous paragraph that z is in B,
and so I'p;(u) € B. Further repetitions of the argument show that
I'7;(u) C B for each r such that rj < d. O

For the rest of this chapter we use the symbol d’ to denote the largest
even integer not exceeding d.
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Proposition 22.3 Let I' be a distance-transitive graph with diameter
d and degree k > 3. Then a non-trivial block for the action of Aut(I)
on VI which contains the vertex u must be one of the following sets:

Ba(u) = {u} UTl4(u), Bp(u)={u}Uly(u)UT4(u)uU...Uly(u).
Proof Suppose B is a non-trivial block containing u, and is not the
set B,(u). Then B contains a vertex v # u such that d(u,v) = j < d,
and consequently I',(u) C B.

Consider the numbers ¢;,a,,b, in the intersection array of I'. We
must have a; = 0, because if a; were non-zero then B would contain
two adjacent vertices, which is impossible by Proposition 22.1. Since

¢, +a;,+b,=k2>3,

one of ¢;,b, is at least 2. From parts (2) and (3) of Proposition 20.4
it follows that one of c¢,,1,b,_1 is at least 2, and consequently I';(u)
contains a pair of vertices at distance 2. Thus B contains the set By (u).
If it contained any other vertices, it would contain two adjacent vertices
and would be the trivial block VI'. We deduce that B = By(u), as

required. 0]

The cube Q3 is an example of an imprimitive distance-transitive graph
with diameter d = 3, so d’ = 2 here. One block system consists of four
sets of the form {u} U I's(u) of size two, while another block system
consists of two sets of the form {u} U I'y(u) of size four. This example
illustrates the fact that both types of imprimitivity allowed by Proposi-
tion 22.3 can occur in the same graph.

Another instructive example is the cocktail-party graph CP(s), as
defined on p. 17. Here there are s blocks u U I';(u), each of size two,
and since d’ = d = 2 these blocks are simultaneously of type B,(u) and
By(u). The next lemma clears up this case.

Lemma 22.4 Let I be a distance-transitive graph with girth 3 and
diameter d > 2, in which the set

Bp(u) = {u}UT2(u)U...Ulz(u)
is a block. Then d = 2 and consequently By(u) = {u} U I's(u) = B,(u).

Proof Since I' contains triangles and is distance-transitive, every or-
dered pair of adjacent vertices belongs to a triangle. Choose adjacent
vertices v; € I'j(u), vy € I'(u); then there is some vertex z such that
v V22 is a triangle. If z were in ';(u), then By(u) would contain adjacent
vertices, contrary to Proposition 22.1. Thus z must be in 'y (u).

If d > 3, we can find a vertex vz € I'3(u) which is adjacent to v
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Figure 18: illustrating the proof of Lemma 22.4.

(Figure 18). But then I'y(vs) contains the adjacent vertices v; and z,
and if h is an automorphism of ' taking u to vs, h(By(u)) is a block
containing adjacent vertices, again contradicting Proposition 22.1. Thus
we must have d = 2. 0

Proposition 22.5 Let I" be a distance-transitive graph with diameter
d > 3 and degree k > 3. Then

X = Bp(u) = {u}UT(u)U...UTly(u)
is a block if and only if I is bipartite.

Proof Suppose I' is bipartite. If X is not a block, then there is
an automorphism g of I' such that X and g(X) intersect but are not
identical. This would imply that there are vertices z and y in X, for
which g(z) € X but g(y) € X, so that d(z,y) is even and 3(g(z), g(y))
is odd. From this contradiction we conclude that X is a block.

Conversely, suppose X is a block. A minimal odd cycle in I" has length
27 + 1 greater than 3, by Lemma 22.4. We may suppose this cycle to be
Uy ... WUV Wy . .. Uol, Where

Uy, U2 € Fl(u), wy, w2 € Fj--l(u)a V1,V2 € Fj(u),

and if j = 2, then u; = w; and ugs = wq. If j is even, then X contains
the adjacent vertices v; and v,, and so X = VT, a contradiction. If
§ is odd we have, for i = 1,2, 8(u,w,) = 8(u,,v,), and so there is an
automorphism h; taking v to u, and w, to v,. Thus Y, = h;(X) is a block
containing u, and v;. But, since I' contains no triangles, d(uy,u2) = 2
and so uy € Y;. Consequently Y; = Y3 and we have adjacent vertices
v1,v2 in Yy, so that Y7 = VI, X = VI'. From this contradiction it
follows that I' has no odd cycles and is bipartite. O

Lemma 22.4 and Proposition 22.5 lead to the conclusion that, if a
block of the type By(u) exists in a distance-transitive graph I', then
either d = 2, in which case the block is also of type B,(u), or d > 3 and
I' is bipartite. The complete tripartite graphs K, ., are exarnples of the
first case and are clearly not bipartite.
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We shall now show that graphs which have blocks of type B,(u) can
also be given a simple graph-theoretical characterization.

Definition 22.6 A graph of diameter d is said to be antipodal if,
for any vertices u, v, w such that 9(u,v) = d(u,w) = d, it follows that
(v, w) =dor v=u.

The cubes Qi are trivially antipodal, since every vertex has a unique
vertex at maximum distance from it; these graphs are at the same time
bipartite. The dodecahedron is also trivially antipodal, but it is not
bipartite. Examples of graphs which are non-trivially antipodal and not
bipartite are the complete tripartite graphs K, ; ., which have diameter
2, and the line graph of Petersen’s graph, which has diameter 3.

Proposition 22.7 A distance-transitive graph I' of diameter d has a
block B,(u) = {u} UT4(u) if and only if I' is antipodal.

Proof Suppose I' is antipodal. Then if z is in B,(u), it follows that
B,(u) = {z} UT4(z) = Bs(z). Consequently, if g is any automorphism
of I', and z is in By (u) N g(Bg(u)) then

Ba(u) = {z} UTa(z) = g(Ba(u)),
so that B,(u) is a block.

Conversely, suppose B,(u) is a block, and v, w belong to [y(u) (v #
w). Let d(v,w) = j (1 € j < d), and let h be any automorphism
of " such that h(v) = u. Then h(w) is in I'j)(u). Also h(w) belongs
to h(B,(u)) = Ba(u), since h(By(u)) intersects B,(u) (u is in both
sets) and B,(u) is a block. This is impossible for 1 < j < d, so that
d(v,w) = d, and I is antipodal.

Theorem 22.8 (Smith 1971) An imprimitive distance-transitive graph
with degree k > 3 is either bipartite or antipodal. (Both possibilities can
occur in the same graph.)

Proof A non-trivial block is either of the type B,(u) or By(u). In the
case of a block of type By(u), Proposition 22.5 tells us that either the
graph is bipartite, or its diameter is less than 3. If the diameter is 1,
then the graph is complete, and consequently primitive. If the diameter
is 2, a block of type By(u) is also of type B,(u). Consequently, if the
graph is not bipartite, it must be antipodal. 0O

The notion of primitivity can be defined without reference to a group
action, in the following way. Given a graph I' with diameter d, let
I'; (1 €14 < d) be the graph whose vertices are the same as those of I',
two vertices being adjacent in I', if and only if they are at distance i in I'.
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Then I' is said to be imprimitive if any of the graphs I'; is disconnected
It is easy to see that for a bipartite graph I'y has two components,
and for an antipodal graph I'y is the disjoint union of complete graphs.
Using this definition Smith’s theorem and its proof can be extended to
distance-regular graphs (see [BCN, p. 140)).

The complete graphs are primitive and distance-transitive. Other
families with the same properties are line graphs of a certain kind. Apart
from these families, primitive distance-transitive graphs are scarce, and
we give them a special name.

Definition 22.9 An automorphic graph is a distance-transitive graph
which is primitive and not a complete graph or a line graph.

For instance, of the 12 distance-transitive graphs with degree 3 (21i),
only three are automorphic. They are Petersen’s graph, Coxeter’s graph
(the expansion of Y with 28 vertices), and the expansion of H with 102
vertices. The odd graph Oy is the only automorphic graph with degree
4. Many more details may be found in [BCN].

Additional Results

22a The derived graph of an antipodal graph  Let I’ be a distance-
transitive antipodal graph, with degree k and diameter d > 2. Define
the derived graph I’ by taking the vertices of I to be the blocks {u} U
['4(u) in T', two blocks being joined in I'” whenever they contain adjacent
vertices of I'. Then I" is a distance-transitive graph with degree k and
diameter equal to |d/2| (Smith 1971).

22b The icosahedron and the dodecahedron  The icosahedron I and the
dodecahedron D are distance-transitive with

1) =1{5,2,1;1,2,58}; «(D)={3,2,1,1,1;1,1,1,2,3}.
Both graphs are antipodal, and the derived graphs are Kg and Os.

22c The intersection array of an antipodal covering We can look at
the construction in 22a from the opposite point of view, as follows. A
distance-regular graph I is an antipodal r-fold covering of the distance-
regular graph I if T is antipodal, its derived graph is I', and IVfl =
rlVT]. It turns out tha! the intersection array of I is related to the
intersection array {k,b1,...,bs—1; 1,c2....,cq} of I' in one of two ways.
Either (i) I has even diameter 2d > 2 and

L(i—:) - {k?bl'l""bd*l) (T‘ - 1)Cd/r, Cd—1y--+,C2, 15

1,02,--.,Cd_l,Cd/T',bd_l,.--,bl,k},
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I' has odd diameter 2d + 1 an

P ELY
iGr 50Ime posiv

or (ii ive integer { such

) d.
that Er — 1)t < min(bg_1,a4) and ¢q < t, we have
L(f) = {k,by....,ba_1,(r — 1)t,cq.cq-1....,co, 1:
l,co, .. ovCq t ba1.. ... bi k}.
Clearly, the total number of possibilities is finite, and r < k in any case.

22d Antipodal coverings of Ky x Let I' be a distance-regular graph
which is an antipodal r-fold covering of K ,. Then it follows from 22c
that r must divide k, and if vt = k the intersection array for I' is

{k,k—1,k—1¢,1;1,¢t,k—1,k}.
This array is feasible (provided that r divides k) and the spectrum of I’
is

ko vk 0 ~Vk -k
Spec I' = .

(1 k(r—1) 2(k-1) k(r-1) 1)
In the case r = k, the existence of I' implies the existence of a projective
plane of order k (Gardiner 1974).

22e Distance-regular graphs with diameter three A distance-regular
graph with diameter three is antipodal, bipartite, or primitive (in the
extended sense defined on p. 177). In the antipodal case the intersection
array is of the form {k, (r—1)v,1; 1,7, k}, and the graph is an antipodal
r-fold covering of K. This case has been the subject of several papers:
see Biggs (1982c), Cameron (1991), Godsil and Hensel (1992). In the
bipartite case the intersection array is of the form {k,k—1.k—A; 1, A k},
and the graph is the incidence graph of a symmetric 2-design with pa-
rameters (v, k, A\), where v = k(k—1)/A+1. Several families of primitive
graphs are known, and some sporadic ones [BCN, pp. 425-431].

22f An automorphic graph with k =5 andd = 3 Let L = {a,b,c,d, e, f}.
and N = {1,2,3,4.5,6}. The following table establishes a bijection be-
tween the 15 single-transpositions on L, and the 15 triple-transpositions
on V.

(ab) — (15)(23)(46) (ac) — (14)(26)(35) (ad) — (13)(24)(56)
(ae) — (12)(36)(45) (af) — (16)(25)(34) (bc) = (12)(3-1)(56)
(bd) — (14)(25)(36)  (he) — (16)(24)(35) (bf) — (13)(26)(45)
(cd) = (16)(23)(45)  (ce) — (13)(25)(46) (cf) = (15)(24)(36)
(de) = (15)(26)(34) (df) — (12)(35)(46) (ef) — (14)(23)(56)
Define a graph I' whose vertex-set is L x N, and in which (I;,n;) is

adjacent to (lp,n2) if and only if the transposition (n;,ngy) is one of
those corresponding to ({;.l»). Then I' is an automorphic graph with
degree 5 and diameter 3. Its intersection array is {5,4,2:1.1.4} and its
automorphism group is Aut S¢.
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Minimal regular graphs with given girth

Results on the feasibility of intersection arrays can be applied to a wide
range of combinatorial problems. The last chapter of this book deals
with a graph-theoretical problem which has been the subject of much
research. We shall study regular graphs whose degree (k > 3) and girth
(g > 3) are given. For all such values of k£ and g there is at least one
graph with these properties (Sachs 1963), and so it makes sense to ask for
the smallest one. We note that when k = 2 the cycle graphs provide the
complete answer to the problem, and so we shall be concerned primarily
with the case k > 3.

Proposition 23.1 (1) The number of vertices in a graph with degree
k and odd girth g = 2d + 1 is at least

nolk,g) =1+k+k(k—=1)+...+k(k—1)206-3)
If there is such a graph, having ezxactly no(k,g) vertices, then it is
distance-reqular with diameter d, and its intersection array is

{kk—1,k—1,... ,k—1;1,1,1,...,1}.
(2) The number of vertices in a graph with degree k and even girth g = 2d
s at least
no(k,g) =1+k+k(k—1)+...+k(k—1)2972 4 (k— 1)} 1,

If there is such a graph, having exactly no(k, g) vertices, then it is bipar-
tite and distance-regular with diameter d; its intersection array is

{k,k-1,k=1,... k—11,1,1,...,1,k}.
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Proof (1) Suppose that I' is a graph with degree k and girth g = 2d+1,
and let (u,v) be any pair of vertices such that d(u,v) =3 (1 < j < d).
The number of vertices in I';_;(v) adjacent to u is 1, otherwise we
should have a cycle of length at most 2j < 2d + 1 in I'. Using the
standard notation (Definition 20.5) we have shown the existence of the
numbers ¢y = 1,...,¢q = 1. Similarly, if 1 < 7 < d, then there are
no vertices in I', (v) adjacent to u, otherwise we should have a cycle of
length at most 2j+1 < 2d+1. This means that a, = 0 and consequently
b =k—a,—c, =k~—1,for 1 <j<d It follows that the diameter of
" is at least d, and that ' has at least ng(k, g) vertices. If I'" has just
no(k, g) vertices, its diameter must be precisely d, which implies that
ag=0,and I has the stated intersection array.

(2) In this case the argument proceeds as in (1), except that ¢4 may
be greater than one. Now the recurrence for the numbers k, = |I',(v)]
shows that k, is smallest when ¢4 = k; if this is so, then I' has at least
no(k, g) vertices. If I' has exactly ng(k, g) vertices, then its diameter is
d, and it has the stated intersection array. The form of this array shows
that I' has no odd cycles, and so it is bipartite. O

Definition 23.2 A graph with degree k, girth g, and such that there
are no smaller graphs with the same degree and girth, is called a (k, g)-
cage. A (k,g)-cage with ng(k,g) vertices is said to be a Moore graph if
g is odd, and a generalized polygon graph if g is even. (The reasons for
the apparently bizarre terminology are historical, and may be found in
the references given below.)

We have already remarked that a (k, g)-cage exists for all £ > 3 and
g > 3. For example, Petersen’s graph O3 is the unique (3, 5)-cage: it
has 10 vertices and ng(3,5) = 10, so it is a Moore graph. On the other
hand, the unique (3, 7)-cage has 24 vertices (see 23c) and ng(3,7) = 22,
so there is no Moore graph in this case. The main result of this chapter
is that Moore graphs and generalized polygon graphs are very rare.

In the cases g = 3 and g = 4 the intersection arrays in question are

{k;1} and {k,k—-1;1,k}

and these are feasible for all £k > 3. It is very easy to see that each
array has a unique realisation - the complete graph K, and the com-
plete bipartite graph Ky x, respectively. Thus, when g = 3 we have a
unique Moore graph K1, and when g = 4 we have a unique generalized
polygon graph Ky «.

When g > 5 the problem is much more subtle, both in the technical
details and in the nature of the solution. The results are due to a number
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of mathematicians. The generalized polygon case was essentially solved
by Feit and Higman (1964); the Moore graph case was investigated by
Hoffman and Singleton (1960), Vijayan (1972), Damerell (1973) and
Bannai and Ito (1973).

We shall apply the algebraic techniques developed in Chapter 21 tq
both cases, in a uniform manner. Specifically we investigate the feasi-
bility of the intersection matrix
0 1 7
k 0 1

k—1

0 c
B k-1 k—cl
which subsumes, by putting ¢ = 1 and ¢ = k, the intersection matrices
of Moore graphs and generalized polygon graphs.

Suppose that A is an eigenvalue of B and that the corresponding
standard left eigenvector is u(A) = [ug(A), u1(A), ..., uq(A)]. Then, from
the equations u(A)B = Au(A) and ug(A) = 1, we deduce that u;(A) =
A/k and

(%) (k — Du(A) = duimi(A) +up—2(N) =0 (:=2,3...,d),

(%) cug—1(A) + (kK —c— Augq(A) =0.
The equations (x) give a recursion which enables us to express u;())
as a polynomial of degree 7 in A for 0 < ¢ < d. The equation (x*)
then becomes a polynomial equation of degree d + 1 in A. In fact (xx)
represents the condition that A is an eigenvalue; it is the characteristic

equation of B.
Put ¢ = vk — 1 and suppose that |A] < 2q, so that we may write

A = 2q cosa for some o, 0 < a < 7 (this assumption will be justified in

the course of the ensuing argument). The solution to the recursion (x)

can be found explicity:

_ ¢*sin(i + )a —sin(i — 1)a

1 <1<d).
kq*sin o (1=isd)

Us

Lemma 23.3 With the above notation, the number 2qcosa s an
eigenvalue of B if and only if

q
Proof The stated equation results from substituting the explicit forms
of ug_1 and uy in the equation (xx), which is the characteristic equation

of B. 0

qsin(d+I)OH—csindoM~(C )sin(d—l)a:O.
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Proposition 23.4 (1) Let ¢ = 2d and suppose I' s a generalized
polygon graph for the values (k,g). Then I has d+1 distinct eigenvalues:

k,—k, 2qcosmj/d (j=1,2,...,d—-1).
(2) Let g = 2d + 1 and suppose I' is a Moore graph for the values (k. g).
Then T has d + 1 distinct eigenvalues:

k, 2qcosa,; (j=1,2,...,d),

where the numbers aq,...,aq are the distinct solutions in the interval
0 < a < 7 of the equation gsin(d + 1)a + sinda = 0.
Proof (1) The existence of the eigenvalues k and —k follows from the
fact that I' is k-regular and bipartite. Now the eigenvalues of I' are (by
Proposition 21.2) the d + 1 eigenvalues of its intersection matrix, which
is the matrix given above with ¢ = k. In that case, A = 2gcosa is an
eigenvalue of B if and only if

gsin(d + 1)a + ksinda + gsin(d — 1)a = 0.
This reduces to (2g cosa + k) sinda = 0, and since |k/2¢g| > 1 when k >
3, the only possibility is that sinda = 0. Thus in the range 0 < @ < 7
there are d - 1 solutions & = wj/d, corresponding to j = 1,...,d — 1.
and we have the required total of d + 1 eigenvalues in all.

(2) Since I' is k-regular, k£ is an eigenvalue. As in (1), we now seek
eigenvalues A = 2qcosa of B, this time with ¢ = 1. The equation of
Lemma 23.3 reduces to

A =gsin(d + l)a + sinda = 0.
For 1 < j <d, A is strictly positive at §, = (5 — %)Tr/(d+ 1) and strictly
negative at ¢, = (j + 5)7/(d + 1). Hence there is a zero a, of A in each
one of the d intervals (8,, ;). Thus we have the required total of d + 1
eigenvalues in all. 0

We now have enough information to calculate the multiplicities of the
eigenvalues and to test the feasibility of the corresponding intersection
array. Suppose that A is an eigenvalue of B. The multiplicity of A as
an eigenvalue of the putative graph is given by Theorem 21.4: m(\) =
n/(u(A).v(X)). We shall use this in the form m(\) = n/ 3 k,u,(A)?.
For our matrix B we have kg =1, k, = k(k—1)'"1 (1 <i<d-1), and
ke =c 'k(k — 1)1, Also, for an eigenvalue \ = 2q cosa we have
bg? 2 (q2 sin(i + 1)a — sin(i — 1)0)2

2 _
ki (A)7 = kq sina

= (2hksin’ @) ' (E 4+ Fcos2ia + Gsin2ia) (1 <i<d).
where we have written
h=q¢*>=k—-1, E=(h*+1)-2hcos2a,
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F =2h—(h®+1)cos2a, G = (h®~-1)sin2a.
Allowing for the anomalous form of k4 by means of a compensating term,
we can sum the trigonometric series involved in 5 k,u,(A\)? and obtain:

sin da

1 + (2hksin® @)~ ' [dE + {F cos(d + 1)a + Gsin(d + 1)a} =
Sin o

+(c™! = 1)(E + F cos 2da + G'sin 2da) | .

Fortunately this expression can be simplified considerably in the two
cases, ¢ = 1 and ¢ = k, which are of particular interest.

Proposition 23.5 If A\ # £k is an eigenvalue of a generalized polygon
graph with girth g = 2d, then its multiplicity is given by
nk [4h — \?

m) = = (ﬁf/\_?) (h=k—1).

If A # k is an eigenvalue of a Moore graph with girth g = 2d + 1, then
its multiplicity 1is given by
nk 4h — \?
m(A) = —

e (= vy
Proof In the case of even girth, ¢ = k and we know that \ = 2gcosa
is an eigenvalue if and only if sinda = 0. In this case the expression for
3" k;u;(A)? becomes

1+ (2hksin® @) [dE + hk™}(E + F)] = (2hksin? a) "'dE.

On putting 2d = g, A = 2qcos a this leads to the formula given.
In the case of odd girth, ¢ = 1, and we know that A = 2qcosa is an

) (h=k—-1, f=k+(k—2)/g).

eigenvalue if and only if
gsin(d + 1)a + sinda = 0.

From this equation we have

tan de —gsina i d —gsin o

anda = ——; sinda = —.
1+ gcosa’ Vk+ )\

sin(d + 1)a = e cos(d+1)a:Q+Cosa

VEk+ A VEk+ X
Substituting for the relevant quantities in the general expression, and

putting g = 2d + 1, we obtain, after some algebraic manipulation, the
stated formula. 0

We are now ready for the main theorem, which is the result of the
combined efforts of the mathematicians mentioned earlier in this chapter.
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Theorem 23.6 The intersection array for a generaiized polygon graph
with k > 3, g > 4 is feasible if and only if g € {4,6,8,12}. The inter-
section array for a Moore graph with k > 3, g > 5 is feasible if and only
ifg=>5and k € {3,7,57}.

Proof Suppose g is even, g = 2d. Then a generalized polygon graph
has d — 1 eigenvalues A, = 2q cos(wj/d) with multiplicities

nk 4h — /\'2
m) = = (7;2“_—,\‘)
J

If m();) is a positive integer, A? is rational, which means that cos2r/d
is rational. But it is well known (see for example, Irrational Numbers by
I. Niven (Wiley, 1956), p. 37) that this is so if and only if d € {2, 3,4, 6}.

The case when g is odd presents more problems. We shall deal with
g = 5 and g = 7 separately, and then dispose of g > 9. Suppose g = 5.
Then the characteristic equation

gsin3a +sin2a =0

reduces, in terms of A = 2gcosa, to A2+ A — (k —1) = 0. Thus there
are two eigenvalues A\; = %(—1 + VD) and A, = -;—(—1 — /D), where
D = 4k — 3. We have n = 1 + k? and putting this in the formula for
m(A) we get
m() = (k + k3)(4k — 4 —,\2)‘
(k — A)(6k — 2+ 5))

If /D is irrational. we multiply out the expression above, substitute
A=1(-1% VD) and equate the coefficients of v/D. This gives 5m + k —
2 = k+ k3, where m = m(\;) = m()\2). But there are three eigenvalues
in all: k, A\;, Ao with multiplicities 1,m, m; hence 1 + 2m =n = 1 + k2.
Thus 5k2 — 4 = 2k3, which has no solution for £ > 3. Consequently v/D
must be rational, s = v/D, say. Then k = —;—(s2 + 3) and substituting for
A and k in terms of s in the expression for m; = m(A;) we obtain the

following polynomial equation in s:
s+ st 4652 — 252+ (9—my)s—15=0,
It follows that s must be a divisor of 15, and the possibilities are s =
1,3,5,15, giving k = 1,3,5,57. The first possibility is clearly absurd,
but the three others do lead to feasible intersection arrays.
Suppose g = 7. Then the characteristic equation
gsinda +sin3a =0

reduces, in terms of A = 2gcosa, to A3+ 22 —-2(k—1)A—(k—1) = 0. This
equation has no rational roots (and consequently no integral roots), since
we may write it in the form k —1 = A%2(A+1)/(2)\ + 1), and if any prime
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A, which is impossible. So the roots A, A2, A3 are all irrational, and thejr
multiplicities are all equal, to m say. Then 14+3m =n = 1+k — k2 +k3,
whereas k + m(A; + A2 + A3) =trA = 0. But Ay + A2 + A3 = —1, hence

m:kzél-(k3—k2+k),

divisor of 2A+1 divides z = A or A+1 it must divide 2\ +1—2 = )\ 41 or

which is impossible for k& > 3. Thus there are no Moore graphs when
g=71.

Suppose g > 9. We obtain a contradiction here by proving first that
—1 < A1 + Ag < 0, and then showing that all eigenvalues must in fact
be integers. (The argument just fails in the case k = 3, g = 9, but this
can be discarded by an explicit calculation of the ‘multiplicities’.)

Let o, (1 <7 < d) be the roots of

A = gsin(d + 1)a + sinda = 0,

and set w = m/(d+1). The proof of Proposition 23.4 showed that a; lies
between w/2 and 3w/2, and these bounds can be improved by noting
that A is positive at w and negative at w(1 + 1/2¢). Thus w < o; <
w(l 4+ 1/2q) and
0 < 2gcosw — 2gcosa; < 2gcosw — 2qcosw(l + 1/2q)
= 2qcosw(l — cosw/2q) + 2¢gsinw sin(w/2q)

< 2q % —21—(w/2q):2 + 2qw(w/2q)

= (1/4q + 1)w?

< 5w?/4.
In a similar way it can be shown that dw < ag < w(d + 1/2q), and

0 < 2gcosdw — 2gcos ag < w?.
Adding the two inequalities, and noting that
A1 = 2gqcosay, Mg =2gcosay, Ccosdw = —cCoOSw,
we have
~9w?/4 < A\ + Mg < 0.
Now w? = m2/(d +1)2 < 72/52 < 4/9, so —1< A+ Xg <0, as
promised.
To show that the eigenvalues must be integers we note first that since

the characteristic equation is monic with integer coefficients, the eigen-
values are algebraic integers. The formula for m(\) is the quotient of

two quadratic expressions in A, and so m(\) is integral only if A is, at
worst, a quadratic irrational. Suppose A is a quadratic irrational. Then

R(X) = gm(A)/nk = (4h = A*)/(k = N)(f + )
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is rational number, and this equation can be written in the form
(R(A\) — D)AZ 4+ ROA)(f — k)X = (R(A\) fk — 4h) = 0.

But this must be a multiple of the minimal equation for A, which is
monic with integer coefficients. In particular,

_ — )2 _
U k)R(A) = ih = A where = Ik 4h—,

R(A) —1 A—t f—k
must be an integer. However, f = k + (k — 2)/g > k, so t > {(k? —
ah)/(f — k) = g(k — 2), and consequently |[A — t| > g(k — 2) — k, since
Al < k. Thus

S(A) =

dh 4k — 4

< < <
T IA=t] T gk—-2)—k

for all £ > 3.9 > 9 (except when k = 3, g = 9, as we have already
noted). Since S(A) is to be an integer, we must have S(A) = 0, which
leads to the absurdity R(A\) = m(A) = 0. Thus all eigenvalues A\ must be
integers, which 1s incompatible with the inequality —1 < A\; + Ay < O,
and consequently disposes of all cases with g > 9. 0

[S(A)

L,

The question of the existence of graphs allowed by Theorem 23.6 is a
difficult one, and it contains some celebrated unsolved problems. In the
case of even girth ¢ = 2d, we can relate the problem to existence of a
structure known as a generalized d-gon, defined as follows.

Let (P,L,I) be an incidence system consisting of two disjoint finite
sets, P (points) and L (lines), and an incidence relation I between points
and lines. A sequence whose terms are alternately points and lines, each
term being incident with its successor, is called a chain; it is a proper
chain if there are no repeated terms, except possibly when the first
and last terms are identical (when we speak of a closed chain). A (non-
degenerate) generalized d-gon is an incidence system with the properties:
(a) each pair of elements of PU L is joined by a chain of length at most
d; (b) there is a pair of elements of P U L for which there is no proper
chain of length less than d joining them: (c) there are no closed chains
of length less than 2d.

Denote by G4(s,t) a generalized d-gon with s points on each line and
t lines through each point. Given a G4(k, k). the graph whose vertex-set
is P U L and whose edge-set consists of incident pairs is a (k, 2d)-cage
with ng(k, 2d) vertices. The converse is also true. Thus our ‘generalized
polygon graphs’ are just the incidence graphs of generalized d-gons with
s =t.
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It is easy to construct a Ga(k, k) for all £ > 2; the corresponding
graph is the complete bipartite graph Ky x. A Ga(k, k) is simply a
projective plane with k points on each line. So the existence problem
for generalized polygon graphs of girth 6 is covered by the known results
on projective planes, a fact noted by Singleton (1966). There is at least
one such plane whenever k£ — 1 is a prime power. and none are known for
which k — 1 is not a prime power. Generalized quadrangles G4(k, k) are
also known to exist for all prime power values of £ — 1, and generalized
hexagons Gg(k, k) exist whenever k — 1 is an odd power of 3. Benson
(1966) was the first to construct the graphs corresponding to the the
last two cases.

In the case of odd girth ¢ > 3, the only Moore graphs allowed by
Theorem 23.6 are those with ¢ = 5 and k € {3,7,57}. The graph with
k = 3 is Petersen’s graph. The graph with & = 7 was constructed and
proved unique by Hoffman and Singleton (1960); a construction is given
in 23d. The existence of a graph with kK = 57 remains an enigma: the
results of Aschbacher (1971) show that such a graph cannot be distance-
transitive, and so the construction, if there is one, is certain to be very
complicated.

Additional Results

23a Moore graphs and generalized polygon graphs with degree 3  In the
case k = 3, the Moore graphs of girth 3 and girth 5 (K4 and O3) exist and
are unique. There are no other Moore graphs of degree 3, by Theorem
23.6. The generalized polygon graphs of girth 4, 6, 8 and 12 exist and
are unique. They are K3 3, Heawood’s graph S(7), Tutte’s graph €2, and
the incidence graph of the unique generalized hexagon with 63 points
and 63 lines (see 23b).

23b The (3,12)-cage A direct construction of the generalized hexagon
graph of degree 3 is as follows. Given a unitary polarity of the projective
plane PG(2,32%), there are 63 points of the plane which do not lie on
their polar lines, and they form 63 self-polar triangles (Edge 1963). The
(3,12)-cage is tne graph whose 126 vertices are these 63 points and 63
triangles, with adjacent vertices corresponding to an incident (point,
triangle) pair.

This graph is not vertex-transitive, since there is no automorphism
taking a ‘point’ vertex to a ‘triangle’ vertex. However, it follows from
Proposition 23.1 that it is distance-regular.
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23c Cages with degree 3 and g < 12 All cases except g = 7,9, 10 and 11
have been covered above. In these cases we know from the general theory
that a (3. g)-cage must have more than ny(3, g) vertices. The (3, 7)-cage
is a graph with 24 vertices, and it is unique; details are given by Tutte
(1966). There are numerous (3, 9)-cages; they have 58 vertices and the
first one was found by Biggs and Hoare (1980). The fact that no smaller
graph has degree 3 and girth 9 is the result of a computer search by
B. McKay. There are three (3, 10)-cages; they have 70 vertices (O’Keefe
and Wong 1980). The size of the (3, 11)-cage is as yet unknown. Since
it is not a Moore graph it must have at least 96 vertices; the smallest
known graph with degree 3 and girth 11 has 112 vertices.

23d The Hoffman-Singleton graph  The unique (7,5)-cage may be con-
structed by extending the graph described in 22f as follows. Add 14 new
vertices, called L,N,a,b,c,d,e, f, 1,2,3,4,5,6; join L to a,b,c,d,e, f
and N; join N to 1,2,3,4.5,6 and L. Also, join the vertex denoted by
(I,n) in 22f to | and n. The automorphism group of this graph is the
group of order 252 000 obtained from PSU(3, 5%) by adjoining the field
automorphism of GF(5%) (Hoffman and Singleton 1960).

23e Cages of girth 5 with4 < k <6 In these cases we know that a cage
is not a Moore graph. There is a unique (4, 5)-cage with 19 vertices, due
to Robertson (1964). There are several (5,5)-cages having 30 vertices;
see [BCN, p. 210]. There is a unique (6,5)-cage (O'Keefe and Wong
1979); it has 40 vertices and it is the induced subgraph obtained by
deleting the vertices of a Petersen graph from the Hoffman-Singleton
graph.

23f Cages of girth 6 Recall (4d) that the ezcess of a k-regular graph
with n vertices and girth g is e = n — ng(k,g). Biggs and Ito (1980)
showed that, for small values of e, a k-regular graph with girth 6 and
excess € = 2(n — 1) is an n-fold covering of the incidence graph of a
symmetric (v, k, n)-design.

When n = 1 such a design is a projective plane, and we have the
generalized polygon graph as discussed above. When 1 = 2 such a
design is called a biplane. In this case it can be shown that a necessary
condition for the existence of a graph is that either k£ or &£ — 2 must be
a perfect square (see Biggs 1981b). Such graphs with £ = 3 and k = 4
do exist, but they they are not (%, 6)-cages, because for these values of k
there is a generalized polygon graph. The first significant case is k = 11,
because here it is now known that there is no projective plane, so the
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graph (if it exists) would be an (11, 6)-cage. There are several biplanes,
but the existence of a 2-fold covering has not been settled.

When n = 3, coverings have been constructed for k = 4,7 and 12. The
case k = 7 is particularly important, because there is no projective plane
or biplane in this case, and so the graph is a (7, 6)-cage (see O’Keefe and
Wong (1981) and Ito (1981)). This is the last of the known cages.

23g Families of graphs with large girth  Graphs with small excess are
very special, and we therefore adopt a wider definition of what is ‘inter-
esting’ in this context. Let {I',} be a family of k-regular graphs such
that I',. has n, vertices and girth g,. We say that the family has large
girth if n, and g, both tend to infinity as r -» oo, in such a way that

log, _n
k—1T0r . .
L™ is a finite constant c.

lim

r—00 gr
It follows from the explicit form of ng(k, g) that ¢ cannot be less than 0.5.
For many years the existence of families with large girth was established
only by non-constructive means; these arguments showed that there are
families with ¢ = 1. Weiss (1984) showed that, in the case k£ = 3, the
family of sextet graphs S(p) defined in 18b has ¢ = 0.75, and Lubotzky,
Phillips and Sarnak (see 23h) constructed families which attain the same
value for infinitely many values of k. A simple construction for cubic
graphs with large girth (but with ¢ > 1) was given by Biggs (1987).

23h The graphs of Lubotzky, Phillips and Sarnak Let p be a prime
congruent to 1 modulo 4 and let H denote the set of integral quaternions
a = (ag,a,asz,as). Define A(2) to be the set of R-equivalence classes
of elements a of H with @ = 1 mod 2 and ||a]| a power of p, where
aRB if £p"a = p*B. Denote by S the set of elements of H satisfying
lall = p, @ = 1 mod 2, and ag > 0. There are (p + 1)/2 conjugate
pairs {a, @} in S, and the Cayley graph of A(2) with respect to S is the
infinite (p + 1)-regular tree.

Now let ¢ be another prime congruent to 1 modulo 4, such that ¢ >
vP and (p | ¢) = —1. Denote by A(2q) the normal subgroup of A(2)
consisting of those classes represented by o with ay, as, a3 divisible by 2g.
The Cayley graph of S/A(2q) with respect to A(2)/A(2q) is a bipartite
(p + 1)-regular graph with q(¢? — 1) vertices and girth approximately
4log, q. For further details see Lubotzky, Phillips and Sarnak (1988),
Biggs and Boshier (1990).
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